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matrislerinin pl � QRUPODUÕ� LoLQ� �VW� VÕQÕUODU� YH� EX� PDWULVOHULQ� +DGDPDUG� oDUSÕPÕQÕQ�
)UREHQLXV� QRUPX� LoLQ� VÕQÕUODU� HOGH� HGLOPLúWLU�� g]HO� RODUDN� 7HRUHP� ������� 7HRUHP�
������� 7HRUHP� ������ YH� 7HRUHP� ������ WDUDIÕPGDQ� ROXúWXUXOXS� LVSDWODQPÕúWÕU�� 'DKD�
VRQUD� &DWDODQ� VD\ÕODUÕQD� ED÷OÕ� WDQÕPODQDQ� [ ]n

jinijCA
1,)),(mod( =−= � úHNOLQGHNL� FLUFXODQW�

maWULVLQ� )UREHQLXV� QRUPX� LoLQ� �VW� VÕQÕU� KHVDSODQPÕúWÕU��
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= biçimindeki circulant matrisin spektral normu için alt ve üst 

VÕQÕU�HOGH�HGLOPLú�YH�EX�PDWULVLQ�JUXS�WHUVLQLQ�QRUPX�LQFHOHQPLúWLU��$\UÕFD�EX�PDWULV�
ile [ ]n

jinijMB
1,)),(mod( =−=   matrLVLQLQ� +DGDPDUG� oDUSÕPÕQÕQ� VSHNWUDO� QRUPX�

KHVDSODQPÕúWÕU�� <LQH� 7HRUHP� ������� 7HRUHP� ������� 7HRUHP� ������ YH� 7HRUHP� ������
WDUDIÕPGDQ�ROXúWXUXOXS�LVSDWODQPÕúWÕU�� 
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Aynur YALÇINER 

 

 

 

 



 vi 

SEMBOLLER 

 

 $���'R÷DO�VD\ÕODU�N�PHVL 

�,:�5HHO�VD\ÕODU�N�PHVL 

����.RPSOHNV�VD\ÕODU�N�PHVL 
λ  : A nn × �PDWULVLQLQ�|]�GH÷HUL 

)(Aσ : A�PDWULVLQLQ�|]�GH÷HUOHULQGHQ�ROXúDQ�N�PH 
)(Aρ : A�PDWULVLQLQ�VSHNWUDO�\DUÕoDSÕ 

H
A : A nm × �PDWULVLQLQ�HúOHQLN�WUDQVSR]X 

$ ���+DGDPDUG�oDUSÕP 

1−
A : A nn ×  matrisinin tersi 

+
A : A matrisinin Moore-Penrose tersi 

D
A : A nn ×  matrisinin Drazin tersi 

#
A  : A  nn ×  matrisinin grup tersi 

)1(−$
A  : A nm ×  matrisinin Hadamard tersi 

1
⋅ : A matrisinin sütun normu 

∞
⋅ : A�PDWULVLQLQ�VDWÕU�QRUPX 

p
⋅ : A matrisinin p"  normu 

2
⋅ : A matrisinin spektral normu 

F
⋅ : A matrisinin Frobenius (Euclidean) normu 

)( pζ : Riemann zeta fonksiyonu 

nC ��Q��&DWDODQ�VD\ÕVÕ 
nM ��Q��0RW]NLQ�VD\ÕVÕ 

)(AInd : A nn ×  matrisinin indeksi 

)(Arank : A nm × �PDWULVLQLQ�UDQNÕ 
 

 

 



 vii 

7$%/2�9(�ù(.ø/�/ø67(6ø 
 

Tablo 5.1.� 7HRUHP� �����¶� GH� ELULQFL� WRSODP� LoLQ� S �� ROPDVÕ� GXUXPXQGD� VRQXo�
tablosu 

Tablo 5.2.� 7HRUHP� �����¶� GH� ELULQFL� WRSODP� LoLQ� S �� ROPDVÕ� GXUXPXQGD� VRQXo�
tablosu 

Tablo 5.3. 7HRUHP������¶�GH�LNLQFL�WRSODP�LoLQ�S ��ROPDVÕ�GXUXPXQGD�VRQXo�WDEORVX 

Tablo 5.4. 7HRUHP������¶�GH�LNLQFL�WRSODP�LoLQ�S ��ROPDVÕ�GXUXPXQGD�VRQXo�WDEORVX 

Tablo 5.5.� 7HRUHP� �����¶� GH� ELULQFL� WRSODP� LoLQ� S �� ROPDVÕ� GXUXPXQGD� VRQXo�
tablosu 

Tablo 5.6.� 7HRUHP� �����¶� GH� ELULQFL� WRSODP� LoLQ� S �� ROPDVÕ� GXUXPXQGD� VRQXo�
tablosu 

Tablo 5.7. Teorem������¶�GH�LNLQFL�WRSODP�LoLQ�S ��ROPDVÕ�GXUXPXQGD�VRQXo�WDEORVX 

Tablo 5.8.�7HRUHP������¶�GH�LNLQFL�WRSODP�LoLQ�S ��ROPDVÕ�GXUXPXQGD�VRQXo�WDEORVX 

ùHNLO� ����� 7HRUHP� �����¶� GH� ELULQFL� WRSODP� LoLQ� S �� ROPDVÕ� GXUXPXQGD� VRQXo�
WDEORVXQGDNL�GH÷HUOHU�LoLQ�HOGH�HGLOHQ�úHNLO 
ùHNLO� ����� 7HRUHP� �����¶� GH� ELULQFL� WRSODP� LoLQ� S �� ROPDVÕ� GXUXPXQGD� VRQXo�
WDEORVXQGDNL�GH÷HUOHU�LoLQ�HOGH�HGLOHQ�úHNLO 
ùHNLO� ����� 7HRUHP� �����¶� GH� ELULQFL� WRSODP� LoLQ� S �� ROPDVÕ� GXUXPXQGD� VRQXo�
WDEORVXQGDNL�GH÷HUOHU�LoLQ�HOGH�HGLOHQ�úHNLO 
 

ùHNLl 5.4. 7HRUHP� �����¶� GH� ELULQFL� WRSODP� LoLQ� S �� ROPDVÕ� GXUXPXQGD� VRQXo�
WDEORVXQGDNL�GH÷HUOHU�LoLQ�HOGH�HGLOHQ�úHNLO 
ùHNLO� ����� 7HRUHP� �����¶� GH� LNLQFL� WRSODP� LoLQ� S �� ROPDVÕ� GXUXPXQGD� VRQXo�
WDEORVXQGDNL�GH÷HUOHU�LoLQ�HOGH�HGLOHQ�úHNLO 
ùHNLO� ����� Teorem 4.1��¶� GH� LNLQFL� WRSODP� LoLQ� S �� ROPDVÕ� GXUXPXQGD� VRQXo�
WDEORVXQGDNL�GH÷HUOHU�LoLQ�HOGH�HGLOHQ�úHNLO 
ùHNLO� ����� 7HRUHP� �����¶� GH� ELULQFL� WRSODP� LoLQ� S �� ROPDVÕ� GXUXPXQGD� VRQXo�
WDEORVXQGDNL�GH÷HUOHU�LoLQ�HOGH�HGLOHQ�úHNLO 
ùHNLO� ����� Teorem 4.1.3’ de birinci toSODP� LoLQ� S �� ROPDVÕ� GXUXPXQGD� VRQXo�
WDEORVXQGDNL�GH÷HUOHU�LoLQ�HOGH�HGLOHQ�úHNLO 



 viii 

ùHNLO� ����� 7HRUHP� �����¶� GH� ELULQFL� WRSODP� LoLQ� S �� ROPDVÕ� GXUXPXQGD� VRQXo�
WDEORVXQGDNL�GH÷HUOHU�LoLQ�HOGH�HGLOHQ�úHNLO 
ùHNLO� ������ Teorem 4.1.3’ de birinci toplam için p=3 oOPDVÕ� GXUXPXQGD� VRQXo�
WDEORVXQGDNL�GH÷HUOHU�LoLQ�HOGH�HGLOHQ�úHNLO 
ùHNLO� ������ 7HRUHP� �����¶� GH� LNLQFL� WRSODP� LoLQ� S �� ROPDVÕ� GXUXPXQGD� VRQXo�
WDEORVXQGDNL�GH÷HUOHU�LoLQ�HOGH�HGLOHQ�úHNLO 
ùHNLO� ������ 7HRUHP� �����¶� GH� LNLQFL� WRSODP� LoLQ� S �� ROPDVÕ� GXUXPXQGD� sonuç 

WDEORVXQGDNL�GH÷HUOHU�LoLQ�HOGH�HGLOHQ�úHNLO 
  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 ix 

ødø1'(.ø/(5 

 

ÖZET………………………………………………………………………………..iii 

ABSTRACT……………………………………………………………………........iv 

ÖNSÖZ………………………………………………………………………………v 

SEMBOLLER………………………………………………………………………vi 

TABLO 9(�ù(.ø/�/ø67(6ø……………………………………………………..vii 

���*ø5øù……………………………………………………………………………...1 

���0$75ø6�7(56/(5ø…………………………………………………………….5 

    2.1. GHQHOOHúWLULOPLú�0DWULV�7HUVOHUL««««««««««««««««««�� 

    2.1.1. Moore-Penrose Tersi………………………………………………………...5 

    2.1.2. Drazin Tersi…………………………………………………………………6 

    2.1.3. Grup Tersi………………………………………………………………….16 

    2.2. Hadamard Tersi………………………………………………………………20 

3. NORMLAR……………………………………………………………………...24 

���������9HNW|U�1RUPODUÕ……………………………………………………………...24 

    3.2. Matris NormlDUÕ……………………………………………………………...24 

���0$75ø6/(5ø1�7(56/(5ø1ø1�1250/$5,………………………………29        

    4.1. &DWDODQ�YH�0RW]NLQ�6D\ÕODUÕQD�%D÷OÕ�7DQÕPODQDQ�+DQNHO�0DWULVOHULQLQ 

           HDGDPDUG�7HUVOHULQLQ�1RUPODUÕ…………………………………………...…32 

    4.2. Circulant Matrislerin ve Circulant Matrislerin Terslerinin   NorPODUÕ………41 

���1h0(5ø.�6218d/$5……………………………………………………….47 

���6218d�9(�g1(5ø/(5………………………………………………………..59 

KAYNAKLAR……………………………………………………………………..60 

 

 

 

 

 

 

 

 



 1 

���*ø5øù 

 

%LU� PDWULVL� SR]LWLI� UHHO� VD\Õ\D� G|Q�úW�UPH� LúOHPL� RODQ� PDWULV� QRUPODUÕ�
PDWHPDWL÷LQ� oHúLWOL� DODQODUÕQGD� |QHPOL� ELU� \HU� WHúNLO� HGHU�� gUQH÷LQ�� bAx =  lineer 

GHQNOHP� VLVWHPLQLQ� o|]�OHELOLUOL÷LQL� NDUDNWHUL]H� HGHQ� 1)( −= AAAκ úDUW� VD\ÕVÕQÕQ�
KHVDEÕQGD�PDWULV�QRUPODUÕQD�LKWL\Do�YDUGÕU� 

$\UÕFD� bAx =  lineer denklem sisteminin çözümü A matrisi singüler olmayan 

kare matris ise 1−= bAx �úHNOLQGHGLU��'ROD\ÕVÕ\OD�³%DúND�PDWULV�WHUVOHUL�WDQÕPODQDELOLU�
mL�"�´�VRUXVX�J�QGHPH�JHOPLúWLU�� 

M. P. Drazin (1958), halkalar üzerinde Drazin ters olarak bilinen 

JHQHOOHúWLULOPLú�WHUVLQ�YDUOÕ÷ÕQÕ�YH�WHNOL÷LQL�J|VWHUPLúWLU�� 
I. Erdelyi (1967), singüler A ve B matrisleri için  

BxAx λ=  

úHNOLQGHNL�PDWULV�GHQNOHPLQLQ�o|]�P�QGHQ�KDUHNHWOH�\HQL�ELU�JHQHOOHúWLULOPLú�PDWULV�
WHUVL�WDQÕPODPÕú�YH�EXQX�JUXS�WHUVL�RODUDN�DGODQGÕUPÕúWÕU�� 

&�� &DR� YH� DUNDGDúODUÕ� �������� ###)( ABAB = � ROPDVÕ� LoLQ� JHUHNOL� úDUWODUÕ�
LQFHOHPLúOHUGLU�� 

0DWULV� oDUSÕPODUÕQGDQ� RODQ� +DGDPDUG� oDUSÕPÕ� SHUL\RGLN� IRQNVL\RQODUÕQ�
NRQYRO�V\RQODUÕQÕQ� WULJRQRPHWULN� PRPHQWOHULQGH�� LQWHJUDO� GHQNOHPOHULQLQ�
oHNLUGHNOHULQLQ� oDUSÕPÕQGD�� NÕVPL� GLIHUHQVL\HO� GHQNOHPOHULQ� ]D\ÕI� PLQXPXP�
SUHQVLSOHULQGH�YH�RODVÕOÕN�WHRULVLQGH�NXOODQÕOÕU�� 
 $\QÕ�ER\XWOX�YH�HOHPDQODUÕ�VÕIÕUGDQ�IDUNOÕ�PDWULVOHULQ�DLOHVL�+DGDPDUG�oDUSPD�
LúOHPLQH�J|UH�ELU�JUXS�ROXúWXUXU��%X�LúOHPH�J|UH�PDWULVLQ�WHUVL�+DGDPDUG�WHUVL�RODUDN�
bilinir.   

 R. B. Bapat (1988), A�HOHPDQODUÕ�SR]LWLI�RODQ� nn ×  tipinde simetrik bir matris 

ve A¶�QÕQ�ELU�WDQH�SR]LWLI�|]�GH÷HUL�YDUVD�A�PDWULVLQLQ�+DGDPDUG�WHUVLQLQ�SR]LWLI�\DUÕ�
WDQÕPOÕ�ROGX÷XQX�J|VWHUPLúWLU�� 
 R. Reams (1999), A�HOHPDQODUÕ�SR]LWLI�RODQ� nn ×  tipinde simetrik bir matris 

ise, A¶� QÕQ� ELU� WDQH� SR]LWLI� |]� GH÷HUL� YDUsa ve A ters çevrilebilir ise A¶� QÕQ� SR]LWLI�
WDQÕPOÕ�ROGX÷XQX�J|VWHUPLúWLU�� 
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5�� 6�� 9DUJD� �������� VLQJ�OHU� ROPD\DQ� ELU� VÕQÕI� PDWULV� LoLQ�
∞

−1
A � QÕQ� �VW�

VÕQÕUÕQÕ�LQFHOHPLúWLU�� 
Y. Wei ve X. Li (2001), A ve E ×n n matrisler ve 1)()( == BIndAInd  olmak 

üzere #B , #BB , 
#

##

A

AB −
 ve 

#

##

AA

AABB − �LoLQ��VW�VÕQÕUODU�HOGH�HWPLúWLU�� 

Y. Wei ve H. Diao (2005), singüler Toeplitz matrisin grup tersini alt üçgen ve 

üVW��oJHQ�7RHSOLW]�PDWULVOHULQ�oDUSÕPODUÕQÕQ�WRSODPÕ�úHNOLQGH�LIDGH�HWPLúOHUGLU�� 
<��:HL� YH� DUNDGDúODUÕ� �������� VLQJ�OHU� 7RHSOLW]� PDWULVLQ� 'UD]LQ� WHUVLQL� DOW�

�oJHQ� YH� �VW� �oJHQ� 7RHSOLW]� PDWULVOHULQ� oDUSÕPODUÕQÕQ� WRSODPÕ� úHNOLQGH� LIDGH�
HWPLúOHUGLU� 

X. Cui (2004), A� PDWULVLQLQ� VLQJ�OHU� ROPDVÕ� GXUXPXQGD D
AAA =)(κ  

úHNOLQGH�WDQÕPODQDQ�úDUW�VD\ÕVÕQÕ�LQFHOHPLú�YH� 
)()(inf DD

U
AAAA ρρ=

∈⋅
 

ROGX÷XQX�J|VWHUPLúWLU�� 
 H. Diao ve Y. Wei (2005), A matrisinin Toeplitz, Hankel ve circulant 

PDWULVOHU�ROPDVÕ�GXUXPXQGD�VLQJ�OHU�OLQHHU�\DSÕVDO��VWUXFWXUHG��VLVWHP�RODUDN�ELOLQHQ�
bAx = úHNOLQGHNL��� LQGHNVOL�VLVWHPLQLQ� structκ �úDUW�VD\ÕVÕQÕ� LQFHOHPLúOHUGLU��g]HOLNOH�

\DSÕVDO� ROPD\DQ� VLVWHPLQ� úDUW� VD\ÕVÕ� κ   için 
κ

κ struct

� RUDQÕQÕ� KHVDSODPÕúODUGÕU�� %X�
RUDQÕQ�A�PDWULVLQLQ�VLQJ�OHU�FLUFXODQW�PDWULV�ROPDVÕ�GXUXPXQGD 
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úHNOLQGH�ROGX÷XQX�\DQL��\DSÕVDO�VLVWHPLQ�úDUW�VD\ÕVÕQÕQ�\DSÕVDO�ROPD\DQ�VLVWHPLQ�úDUW�
VD\ÕVÕQGDQ�GDKD�L\L�ROGX÷XQX�EHOLUOHPLúOHUGLU��� 

R. Arens ve M. Goldberg (1994), )( ijwW = � SR]LWLI� HOHPDQOÕ� nn ×  matris 

olmak üzere 

∞∞
= AWA

W
$

,
,  )( ijaA =  

úHNOLQGH�ELU�QRUP�WDQÕPODPÕúODUGÕU��%X�QRUP�LoLQ� 
                                              

∞∞∞
≤

,,, WWW
BAAB   

ve  

,...2,1,
,,

=≤
∞∞

kAA
k

WW

k
 

|]HOLNOHULQLQ�VD÷ODQPDVÕ�LOH� 
)1(2)1( )( −− ≤ $$

WW  

ROPDVÕQÕQ�HúGH÷HU�ROGX÷XQX�J|VWHUPLúOHUGLU�� 
R. Mathias (1993), A matrisinin Hadamard operatör normunu  

}1:max{ ≤=
∞∞

BBAA $  

úHNOLQGH� WDQÕPODPÕúWÕU�� *HQHOOHúWLULOPLú� FLUFXODQW� PDWULVLQ� +DGDPDUG� RSHUDW|U�
QRUPXQX�LQFHOHPLúWLU� 
 S. Solak (20�����)LERQDFFL�YH�/XFDV�VD\ÕODUÕQÕ�NXOODQDUDN�FLUFXODQW�PDWULVOHU�
WDQÕPODPÕú� YH� EX� PDWULVOHULQ� VSHNWUDO� YH� (XFOLGHDQ� QRUPODUÕ� LoLQ� VÕQÕUODU� HOGH�
HWPLúWLU�� 

5��'RQDJKH\�YH�/��:��6KDSLUR���������0RW]NLQ�VD\ÕODUÕQÕQ�ROXúWX÷X����IDUNOÕ�
GXUXPX� EHOLUWPLú� YH� 0RW]NLQ� VD\ÕODUÕ� YH� &DWDODQ� VD\ÕODUÕ� DUDVÕQGDNL� LOLúNL\L�
J|VWHUPLúOHUGLU��� 

0��$LJQHU���������0RW]NLQ�VD\ÕODUÕQÕ�NXOODQDUDN 
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úHNOLQGH�+DQNHO�PDWULVOHUL�WDQÕPODPÕú�YH�EX�PDWULVOHULQ�GHWHUPLQDQWÕQÕ�KHVDSODPÕúWÕU�� 
 %X�oDOÕúPDGD�LVH�� 
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úHNOLQGH� LIDGH� HGLOHQ� +DQNHO� PDWULVOHULQLQ� +DGDPDUG� WHUVOHULQLQ� pl � QRUPODUÕQÕ�
KHVDSODQGÕ�� 
 'DKD� VRQUD� &DWDODQ� VD\ÕODUÕQD� ED÷OÕ� WDQÕPODQDQ� FLUFXODQW� PDWULVLQ� Vpektral 

QRUPX� LoLQ� �VW� VÕQÕU� HOGH� HGLOGL�� 6LQJ�OHU� FLUFXODQW� PDWULVLQ� (3� PDWULVL� ROGX÷XQD�
dikkat çekilerek  

n

ji
nij

n
A

1,
),mod(

=








−

=  

úHNOLQGHNL� FLUFXODQW� PDWULVLQ� JUXS� WHUVLQLQ� )UREHQLXV� QRUPX� LQFHOHQGL� YH� VSHNWUDO�
QRUPX� LoLQ� DOW� YH��VW� VÕQÕUODU� HOGH�HGLOGL��$\UÕFD� EX�PDWULV� LOH� [ ]n

jinijMB
1,)),(mod( =−=   

PDWULVLQLQ�+DGDPDUG�oDUSÕPÕQÕQ�VSHNWUDO�QRUPX�KHVDSODQGÕ�� 
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�����*HQHOOHúWLULOPLú�0DWULV�7HUVOHUL� 
 

%LOLQGL÷L�JLEL�KHUKDQJL�ELU�A matrisinLQ�WHUVLQLQ�ROPDVÕ�LoLQ�NDUH�PDWULV�ROPDVÕ�
YH�VLQJ�OHU�ROPD\DQ�ELU�PDWULV�ROPDVÕ�JHUHNPHNWHGLU��%X�GXUXPGD�A matrisinin tersi 

YDUGÕU���WHNWLU�YH� 1−
A �LOH�J|VWHULOLU��$QFDN�X\JXODPDOÕ�PDWHPDWL÷LQ�oHúLWOL�DODQODUÕQGD�

singüler matrislerin ve dikdörtgen matrislerin terslerine de LKWL\Do�GX\XOPDNWDGÕU��2�
KDOGH� E|\OH� PDWULVOHULQ� WHUVOHUL� QDVÕO� KHVDSODQDELOLU"� %X� W�U� PDWULVOHULQ� WHUVOHULQH�
JHQHOOHúWLULOPLú� WHUV� GHQLU�� %LU� PDWULVLQ� JHQHOOHúWLULOPLú� WHUVL� DúD÷ÕGDNL� �o� úDUWÕ�
VD÷ODPDOÕGÕU�� 
i)�6LQJ�OHU�ROPD\DQ�PDWULVOHULQ�VÕQÕIÕQGDQ�GDKD�JHQLú�PDWULVOHULQ�VÕQÕIÕ�LoLQ�ROPDOÕGÕU� 
ii)�6LQJ�OHU�ROPD\DQ�PDWULVOHULQ�WHUVLQLQ�VD÷ODGÕ÷Õ�oHúLWOL�|]HOOLNOHUL�VD÷ODPDOÕGÕU� 
iii)�6LQJ�OHU�ROPD\DQ�PDWULV�LoLQ�DOÕúÕOPÕú�WHUVH�LQGLUJHQPHOLGLU� 
 

2.1.1. Moore-Penrose Tersi 

   

7DQÕP��������� ∈A � nm×  olsun. 

AAXA =                                                           (1) 

XXAX =                                                          (2) 

 AXAX H =)(                                                    (3) 

XAXA H =)(                                                      (4) 

GHQNOHPOHULQL� VD÷OD\DQ� WHN� ∈X � mn×  matrisine A matrisinin Moore-Penrose tersi 

denir ve 
+A �LOH�J|VWHULOLU��(÷HU�A singüler olmayan bir matris ise 

1−= AX  dir. (Ben-

Israel, Greville 1974) 

 %X� WDQÕP� ����� \ÕOÕQGD� 3HQURVH� WDUDIÕQGDQ� YHULOPLúWLU�� $QFDN� GDKD� |QFH�
0RRUH�WDUDIÕQGDQ�EDúND�ELU�úHNLOGH�YHULOGL÷L�LoLQ�0RRUH-Penrose tersi olarak bilinir. 

 7DQÕP� �������� GHNL� G|UW� GHQNOHPH� Penrose denklemleri denir. Bu dört 

GHQNOHPLQ�ED]ÕODUÕQÕ�VD÷OD\DQ�JHQHOOHúWLULOPLú�WHUVOHU�GH�YDUGÕU�� 
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7DQÕP��������� ∈A � nm× �olsun. (1), (2), (3) ve (4) Penrose dHQNOHPOHUL�DUDVÕQGD�i., j. 
ve k.�GHQNOHPOHUL�VD÷OD\DQ mn

CG
×∈  matrisine A matrisinin (i,j,k)-tersi denir. (Ben-

Israel, Greville 1974) 

gUQH÷LQ��A matrisi için AAGA =  ve GGAG = �VD÷ODQÕ\RUVD�G matrisi A¶�QÕQ�(1,2)- 

tersidir. 

 

2.1.2. Drazin Tersi 

 

 Moore-3HQURVH� WHUVL� YH� GL÷HU� (i,j,k)-WHUVOHULQ� HQ� |QHPOL� |]HOOL÷L� � ELU� OLQHHU�
FHELUVHO� GHQNOHP� VLVWHPL� LoLQ� ED]Õ� WLS� o|]�POHU� VD÷ODPDODUÕGÕU�� <DQL� EX� WHUVOHU�
“denklem çözen” terslerdir.  

 $QFDN� EX� WHUVOHU� ED]Õ� JHUHNOL� |]HOOLNOHUH� VDKLS� GH÷LOOHUGLU�� gUQH÷LQ�� EX�
terslerin ∈BA, � nn× � matrisleri için  

i) ,AAAA
−− =  

ii) 0,)()( >= −−
pAA

pp  

iii) )()( −+ ∈⇔∈ AA σλσλ  

iv) pp
AAA =−+1  

úDUWODUÕQÕ� VD÷OD\DQ� ),,(, kjiCBA ∈−− RODFDN� úHNLOGH� ELU� ),,( kjiC � VÕQÕIÕ� \RNWXU��
8\JXODPD�DODQODUÕQD�ED÷OÕ�RODUDN�ELU�JHQHOOHúWLULOPLú� WHUVLQ�FHELUVHO�GHQNOHP�o|]HQ�
WHUVOHULQ� |]HOOLNOHUL� \HULQH� GL÷HU� ED]Õ� |]HOOLNOHUH� VDKLS� ROPDVÕ� LVWHQHELOLU�� � *UXS� YH�
Drazin teUVOHU� KHP� \XNDUÕGDNL� |]HOOLNOHUL� VD÷ODU� KHP� GH� VLQJ�OHU� ROPD\DQ�PDWULVLQ�
tersine (i,j,k)-terslerden daha çok benzerler.  

Not. 'UD]LQ�WHUVL�VDGHFH�NDUH�PDWULVOHU�LoLQ�WDQÕPODQDELOLU� 
7DQÕP��������� ∈A � nm× �olmak üzere  

∈= yAR {)( � m � ∈= xAxy , � n ` 
ifadesine $¶�QÕQ�J|U�QW�V� ve 

∈= xAN {)( � n }0: =Ax  

ifadesine de $¶�QÕQ�VÕIÕU�X]D\Õ denir.  
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Lemma 2.1.2.1. A, � n �üzerLQGH�WDQÕPODQDQ�ELU�OLQHHU�G|Q�ú�P�ROVXQ��

� n
)()( kk ANAR += �RODFDN�úHNLOGH�ELU�QHJDWLI�ROPD\DQ�N�WDPVD\ÕVÕ�YDUGÕU��

(Campbell, Meyer 1979) 

 %XUDGD�WDQÕWÕODQ�N�VD\ÕVÕ�ROGXNoD�|QHPOLGLU�� 
7DQÕP�����2.2. A, � n �üzerLQGH�WDQÕPODQDQ�ELU�OLQHHU�G|Q�ú�P�ROVXQ��

� n
)()( kk ANAR +=  veya denk olarak )()( 1+= kk ArankArank �RODFDN�úHNLOGHNL�HQ�

N�o�N�QHJDWLI�ROPD\DQ�N�WDPVD\ÕVÕQD� A �QÕQ�LQGHksi denir ve )(AInd  ile gösterilir. 

 (÷HU� A  ters çevrilebilir bir matris ise 0)( =AInd �GÕU��$\UÕFD� 1)0( =Ind  dir.  

7DQÕP���������� ∈A � nn× �ve kAInd =)( olsun.  

i) XXAX =  

ii) XAAX =  

iii) kk AXA =+1  

úDUWODUÕQÕ�VD÷OD\DQ�WHN� X  matrisine A¶�QÕQ�Drazin tersi denir ve DA  ile gösterilir.   

Teorem 2.1.2.1. ∈A � nn×
 ve 0)( >= kAInd  olsun. C  singüler olmayan matris ve N 

indeksi k olan nilpotent matris olmak üzere  

1

0

0 −








= P

N

C
PA  

RODFDN�úHNLOGH�VLQJ�OHU�ROPD\DQ�3�PDWULVL�YDUGÕU��$\UÕFD 

1

1

00

0 −
−









= P

C
PA

D
 

dir. (Campbell, Meyer 1979) 

7DQÕP���������� ∈H � nn× �PDWULVLQLQ�HOHPDQODUÕ�DúD÷ÕGDNL�úDUWODUÕ�VD÷ODUVD�H 

matrisine Hermite EúHORQ�Formda�GHQLU�YH�NÕVDFD�+�(�)��LOH�J|VWHULOLU�� 
i) H üst üçgen matris, 

ii) iih ¶�OHU���YH\D��¶�H�HúLW� 
iii) nk ≤≤1 �úHNOLQGHNL�KHU�k için 0=iih  ise 0=ikh , 

iv) 1=iih  ise ik ≠  için 0=kih �GÕU� 
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 Singüler bir matrisin Dra]LQ�WHUVL�DúD÷ÕGDNL�JLEL�KHVDSODQDELOLU��� 
Algoritma 2.1.2.1. ∈A � nn×

 ve kAInd =)(  olsun. 

1) p, kp ≥ �RODFDN�úHNLOGH�ELU�WDPVD\Õ�ROVXQ���p her zaman n¶H�HúLW�DOÕQDELOLU�� 
2) 

pA  matrisi H.E.F.’ ye indirgenir. (Bu matrisi pA
H  ile gösterelim.) 

3) pA
H �PDWULVLQGH�VÕIÕUGDQ�IDUNOÕ�N|úHJHQ�HOHPDQODUÕQÕQ�ROGX÷X�V�WXQODU�EHOLUOHQLU�YH�

pA � PDWULVLQGH� EXQD� NDUúÕOÕN� JHOen sütunlar seçilir. Bu sütunlara rvvvv ,...,,, 321  

diyelim. 

4) pA
HI − PDWULVL� KHVDSODQÕU� YH� VÕIÕUGDQ� IDUNOÕ� V�WXQODU� EHOLUOHQLU�� %X� V�WXQODUD�

nrr vvv ...,,, 21 ++  diyelim. 

5) Singüler olmayan ],...,,,...,[ 11 nrr vvvvP +=  matrisi kurulur.  

6) 1−
P �KHVDSODQÕU�� 

7) APP 1− �KHVDSODQÕU�� 







=−

N

C
APP

0

0
1 �IRUPXQGDGÕU��%XUDGD�C singüler olmayan 

matris ve N nilpotent matristir.  

8) 
1−

C �KHVDSODQÕU�� 

9) 
1

1

00

0 −
−









= P

C
PA

D
 den DA �KHVDSODQÕU���&DPSEHOO��0H\HU������ 

Örnek 2.1.2.1. 

















−−−
−
−

=
222

222

004

A �PDWULVLQLQ�WHUVLQL�KHVDSOD\DOÕP� 

1) A�PDWULVLQLQ�LQGHNVLQL�ELOPHGL÷LPL]�LoLQ�p=3�DODOÕP�� 

















−

−
=

0064

000

0064
3A  

2) 
















=

000

000

001

3A
H  

3) 

















−

−
=

64

0

64

1v  
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4) 
















=−

100

010

000

3A
HI �GROD\ÕVÕ\OD�
















=

0

1

0

2v  , 
















=

1

0

0

3v  

5) 

















−

−
=

1064

010

0064

P  

6) 

















−

−
=−

101

010

0064/1
1P  

7)

















−−

−
=−

220

220

004
1 APP . Böylece 4−=C , 








−−

=
22

22
N  

8) 
4

11 −=−
C   

9) 

















−

−
=















−
= −

004/1

000

004/1

000

000

004/1
1PPAD

 

Sonuç 2.1.2.1. A singüler olmayan bir matris ise 1−= AAD  dir. (Ben-Israel, Greville 

1974) 

Teorem 2.1.2.2. ∈A � nn× �ve kAInd =)(  olsun. p negatif olmayan bir�WDPVD\Õ�YH�

∈X � nn× �matrisi XAAXXXAX == ,  ve 
pp

AXA =+1 �úDUWODUÕQÕ�VD÷OÕ\RUVD� kp ≥  

ve DAX =  dir. (Campbell, Meyer 1979) 

Lemma 2.1.2.2. ∈A � nn× �LoLQ�DúD÷ÕGDNLOHU�GR÷UXGXU� 
i) HDDH AA )()( =  

ii) ,...2,1,)()( == lAA lDDl  

iii) DDDD AA =))((  (Ben-Israel, Greville 1974) 

 Singüler olmayan A ve B matrisleri için  

111)( −−− = ABAB  

GÕU��%X�|]HOOLN�VLQJ�OHU�PDWULVLQ�'UD]LQ�WHUVL�LoLQ�VD÷ODQPD]��<DQL� 
DDD ABAB ≠)(  
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GÕU��$QFDN�A ve B�PDWULVOHUL�GH÷LúPHOL�LVH� DDD
ABAB =)(  olur. 

Teorem 2.1.2.3. ∈BA, � nn×
 ve BAAB =  ise  

i) DDDDD
BAABAB ==)(   

ii) DD
BABA =  ve ABAB

DD =  

olur. (Campbell, Meyer 1979) 

7DQÕP��������� ∈A � nn×  ve p�SR]LWLI� WDPVD\Õ�ROVXQ�� )(Aσλ ∈  için 0)( =− xIA
pλ  

ve 0)( 1 ≠− −
xIA

pλ  ise x vektörüne λ � |]� GH÷HULQH� NDUúÕOÕN� JHOHQ� GHUHFHVL�p olan 

JHQHOOHúWLULOPLú�|]�YHNW|U denir. (Bronson,1970) 

 %LOLQGL÷L�JLEL�VLQJ�OHU�ROPD\DQ�ELU�A matrisi için x’ in )(Aσλ ∈ �|]�GH÷HULQH�
NDUúÕOÕN�JHOHQ�GHUHFesi p�RODQ�ELU�JHQHOOHúWLULOPLú�|]�YHNW|U�ROPDVÕ�LoLQ�JHUHN�YH�\HWHU�
úDUW�x’ in 

1−
A  matrisi için )( 11 −− ∈ Aσλ �|]�GH÷HULQH�NDUúÕOÕN�JHOHQ�GHUHFHVL�p olan bir 

JHQHOOHúWLULOPLú� |]� YHNW|U� ROPDVÕGÕU��%X� |]HOOLN� VLQJ�OHU�PDWULVOHULn Drazin tersleri 

LoLQ�GH�VD÷ODQÕU�� 
Teorem 2.1.2.4. ∈A � nn×  ve kAInd =)(  olsun.  

i) )(Aσλ ∈ �ROPDVÕ�LoLQ�JHUHN�YH�\HWHU�úDUW� )( D
Aσλ ∈+ �ROPDVÕGÕU� 

ii) x’ in A matrisinin )(0 Aσλ ∈≠ � |]� GH÷HULQH� NDUúÕOÕN� JHOHQ� GHUHFHVL� p olan 

JHQHOOHúWLULOPLú� |]� YHNW|U� ROPDVÕ� LoLQ� JHUHN� YH� \HWHU� úDUW� x’ in )(1 D
Aσλ ∈−  öz 

GH÷HULQH�NDUúÕOÕN�JHOHQ�GHUHFHVL�p�RODQ�JHQHOOHúWLULOPLú�|]�YHNW|U�ROPDVÕGÕU� 
iii) x’ in 0=λ �|]�GH÷HUL�LoLQ�JHQHOOHúWLULOPLú�|]�YHNW|U�ROPDVÕ�LoLQ�JHUHN�YH�\HWHU�
úDUW� )()( Dk

ANANx =∈ �ROPDVÕGÕU���&DPSEHOO��0H\HU������� 
A singüler olmayan bir matris ise 1−

A  , A¶� QÕQ� ELU� SROLQRPX� RODUDN� LIDGH�
edilebilir. Bu özHOOLN�E�W�Q�VLQJ�OHU�PDWULV�WHUVOHUL�LoLQ�VD÷ODQPD]��(÷HU�A kare matris 

ise )(ApA =+ �RODFDN�úHNLOGH�ELU�p(x) polinomu yoktur. Ancak A¶�QÕQ�'UD]LQ� WHUVL�
her zaman A¶�QÕQ�ELU�SROLQRPX�RODUDN�LIDGH�HGLOHELOLU�� 
Teorem 2.1.2.5. ∈A � nn×

 ise )(ApA
D = �RODFDN�úHNLOGH�ELU� )(xp �SROLQRPX�YDUGÕU��

(Campbell, Meyer 1979) 
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øVSDW� P ve C singüler olmayan matrisler ve N indeksi k olan nilpotent matris olmak 

üzere 
1

0

0 −








= P

N

C
PA  \D]ÕODELOLU�� C� VLQJ�OHU� ROPD\DQ� ELU� PDWULV� ROGX÷XQGDQ�

)(1
CqC =− �RODFDN�úHNLOGH�ELU�q(x)�SROLQRPX�YDUGÕU��Campbell ve Meyer (1979)’ ye 

göre  p(x) polinomu 1)]([)( += kk
xqxxp �úHNOLQGH�WDQÕPODQDELOLU��%X�GXUXPGD 

D

kk

kk

kk

AP
C

P

P
CqC

P

P
Nq

CqC
PAqAAp

=







=









=

















==

−
−

−
+

−
+

+

1

1

1

1

1

1

1

00

0

00

0)]([

)(0

0)(

00

0
)]([)(

 

 BöyOHFH�LVSDW�WDPDPODQÕU� (Campbell, Meyer 1979) v 

 $úD÷ÕGDNL� WHRUHP� DAAp =)( � RODFDN� úHNLOGHNL� p(x)� SROLQRPXQXQ� QDVÕO�
NXUXODFD÷ÕQÕ�J|VWHULU�� 
Teorem 2.1.2.6. ∈A � nn×  olsun. 00 =λ  olmak üzere },...,,{ 10 tλλλ -ler A matrisinin 

IDUNOÕ� |]� GH÷HUOHULQL� J|VWHUVLQ�� im , iλ � |]GH÷HULQLQ� FHELUVHO� NDWÕ� YH�
tmmmmnm +++=−= ...210  olsun. )...()( 1

110
0 −

−+++= m

m

m
xxxxp ααα  derecesi 

n-1�YH�NDWVD\ÕODUÕ� 

),...,2,1().(
)!1()1(

),(
1

),(
1

)1(
1

2

tip
m

p

p

i

m

m

i

i

m

i

i

i

i

i

i

i

==
−−

′=−

=

−
−

λ
λ

λ
λ

λ
λ

�
 

mm ×  lineer denklem sisteminin tek çözümü olan  polinom olsun. O zaman 

DAAp =)( �GÕU��(Campbell, Meyer 1979) 

øVSDW� ∈A � nn× � PDWULVL� -RUGDQ� IRUPXQD� EHQ]HU� ROGX÷XQGDQ� Campbell ve Meyer 

������� J|VWHUPLúWLU� NL� ],...,[ 1 hBBdiagJ =  ve ],...,[ 1 gFFdiagN = � EORN� N|úHJHQ�
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matrisler olmak üzere 
1

0

0 −








= T

N

J
TA �\D]ÕODELOLU��+HU�ELU� jB ���VÕIÕUGDQ�IDUNOÕ�ELU�|]�

GH÷HUH�NDUúÕOÕN�JHOHQ�-RUGDQ�EORNWXU��<DQL� 

0,

00000

10000

00010

00001

≠























=

×

l

ssl

l

l

l

jB λ

λ
λ

λ
λ

�
�

�
�
�

                          (2.1) 

úHNOLQGHGLU��+HU�ELU� jF �GH�VÕIÕU�|]�GH÷HULQH�NDUúÕOÕN�JHOHQ�-RUGDQ�EORNWXU��$oÕN�RODUDN�
J singüler olmayan ve ∈N � 00 mm ×

 indeksi 0)( mAIndk ≤=  olan nilpotent matristir. 

Böylece 
1

1

00

0 −
−









= T

J
TAD

 dir. 00 =m
N �ROGX÷XQGDQ� 0)( =Np �GÕU�YH 

11

00

0)(

)(0

0)(
)( −−









=








= T

Jp
TT

Np

Jp
TAp  dir. Campbell ve Meyer (1979)’ e 

göre )](),...,([)( 1 hBpBpdiagJp = � ROGX÷XQGDQ� KHU� j için 1)( −= jj BBp � ROGX÷XQX�
J|VWHUPHN�\HWHUOLGLU��������NXOODQÕODUDN� 

.

1
0000

1

11
0

)1(111

)(0000
!1

)(
!2

)(
!1

)(
)(0

)!1(

)(

!2

)(

!1

)(
)(

)(

1

2

2

1

32

)1(

−

−

×

−

=

































−

−

−
−

=































′

′′

′
−

′′′

=

j

l

l

ll

s

l

s

lll

ssl

l

l

l

l

l

s

ll

l

j

B

p

p

p

p
p

s

ppp
p

Bp

λ

λ

λλ

λλλλ

λ

λ

λ

λ
λ

λλλ
λ

�
��
�

�

�
�

��

�

 

Böylece DAAp =)(  olur. (Campbell, Meyer 1979) v 
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Teorem 2.1.2.6 D
A ¶QLQ�KHVDSODQPDVÕQGD�NXOODQÕOÕU�� 

Örnek 2.1.2.2. Teorem 2.1.2.6 kullanarak



















−−
−−−−

=

1001

3312

6524

5414

A  matrisinin 

WHUVLQL�KHVDSOD\DOÕP� 
A’�QÕQ�|]�GH÷HUOHUL� }1,1,0,0{)( =Aσ dir. Böylece 20 =m  ve 21 =m  olur.  

Teorem 2.1.2.6 dan )()( 10

2
xxxp αα +=  ve )( 10

2
AIAA

D αα +=  elde edilir. Burada 

0α  ve 1α   

10

10

32)1(1

)1(1

αα
αα
+=′=−

+==
p

p
 

sisteminin çözümünden 40 =α  ve 31 −=α  olarak bulunur. Böylece  



















−−−
−−−

−
=−=

1110

1110

2231

3321

)34(
2

AIAA
D

 

olur. 

 Her ∈A � nn× � PDWULVLQLQ� � LNL� WDQH� |QHPOL� SROLQRPX� YDUGÕU��%XQODU�PLQLPDO�
polinom ve karakteristik polinomdur. Önce A matrisinin minimal polinomu olan 

01

1

1 ...)( ααα ++++= −
− xxxxm

d

d

d
 

SROLQRPXQX�J|]�|Q�QH�DODOÕP��A�VLQJ�OHU�ROPD\DQ�PDWULV�ROPDVÕ�LoLQ�JHUHN�YH�\HWHU 
úDUW� 00 ≠α �ROPDVÕGÕU��%X�GXUXPGD� 

)...(
1

12

2

1

1

0

1
IAAAA

d

d

d ααα
α

++++−= −
−

−−  

olur. A� PDWULVLQLQ� VLQJ�OHU� ROGX÷XQX� IDU]� HGHOLP�� A singüler ise 00 =α � GÕU��
110 ...0 −==== iααα  ve 0≠iα �RODFDN�úHNLOGH�HQ�N�o�N�GR÷DO�VD\Õya i diyelim. Bu 

i� VD\ÕVÕQD�� VÕIÕU� |]� GH÷HULQLQ� LQGHNVL� GHQLU�� $úD÷ÕGDNL� WHRUHP� J|VWHUPHNWHGLU� NL�A 

PDWULVLQLQ�VÕIÕU�|]�GH÷HULQLQ�LQGHNVL�LOH�A¶QÕQ�LQGHNVL�D\QÕGÕU�� 
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Teorem 2.1.2.7. ∈A � nn×  ve 0≠iα  olmak üzere i

i

d

d

d
xxxxm αα +++= −

− ...)( 1

1 , 

A¶� QÕQ� PLQLPDO� SROLQRPX� ROVXQ�� %X� GXUXPGD� )(AIndi = � GÕU�� (Campbell, Meyer 

1979) 

øVSDW� C singüler olmayan matris ve N  indeksi k olan nilpotent matris olmak üzere  

1

0

0 −








= P

N

C
PA �\D]ÕODELOLU�� 0)( =Am �ROGX÷XQGDQ��Campbell ve Meyer (1979)’ e 

göre, 

i

i

id

d

id

i

i

i

i

d

d

d

NINN

NNNNNm

)...(

...)(0

1

1

1

1

1

1

αα

ααα

+++=

++++==
−−

−
−

+
+

−
−

 

olur. )...( 1

1 INN i

id

d

id αα +++ −−
−

− �WHUV�oHYULOHELOLU�ROGX÷XQGDQ� 0=i
N �YH�GROD\ÕVÕ\OD�

ki ≥  elde edilir. ki > �ROGX÷Xnu kabul edelim. O zaman  

1−= iiD
AAA  

olur. )()( xqxxm
i= �úHNOLQGH�\D]DUVDN� 

)()(0 AqAAm
i==  

YH�HúLWOL÷LQ�KHU�LNL�WDUDIÕQÕ�VROGDQ� D
A  ile çarparsak 

)(0 1
AqA

i−=  

elde edilir. Böylece )()( 1
xqxxr

i−=  polinomu )]([)]([ xmderxrder < ve 0)( =Ar  

olan bir polinomdur. Bu da m(x)¶�LQ�PLQLPDO�SROLQRP�ROPDVÕ\OD�oHOLúLU��2�KDOGH�k=i 

dir. (Campbell, Meyer 1979) v 

Sonuç 2.1.2.2. ∈A � nn× , kAInd =)(  olsun ve 0m ��VÕIÕU�|]GH÷HULQLQ�FHELUVHO�NDWÕQÕ�
göstersin. Her zaman km ≥0 �GÕU��(Campbell, Meyer 1979) 

 
D

A , A�PDWULVLQLQ�NDUDNWHULVWLN�SROLQRPXQD�ED÷OÕ�RODUDN�GD�LIDGH�HGLOHELOLU�� 
Teorem 2.1.2.8. ∈A � nn×  ve kAInd =)(  olsun. A matrisinin karakteristik 

denklemini  

)0(),()...(0
0

0

00

000

1

1

1 ≠=++++= +
−−

−
−

m

m

mm

mn

n

mnm
xqxxxxx ββββ  

úHNOLQGH�\D]DOÕP�YH� 
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





=

<+++−
= +

−−
−

−−

nm

nmxx
xr

m

mn

n

mn

m

0

01

2

1

1

,0

),...(
1

)( 0

00

0

ββ
β

 

olsun. O zaman her kl ≥  için 1)]([ += llD
ArAA  dir. (Campbell, Meyer 1979) 

øVSDW� nm =0  ise A�PDWULVL�QLOSRWHQW�PDWULV�YH�GROD\ÕVÕ\OD� 0=D
A �GÕU�� nm <0  

durumunu inceleyelim. Campbell ve Meyer (1979)’ e göre 

 

)(0 0 AqA
m=  

HúLWOL÷LQLQ�KHU�LNL�WDUDIÕ�VROGDQ� 10)(
+mD

A �LOH�oDUSÕOÕUVD� 
)(0 AqA

D=  

ve buradan da 

)(ArAAA
DD =  

HOGH�HGLOLU��+HU�LNL�WDUDIÕQ�(l+1)-LQFL�NXYYHWL�DOÕQÕUVD� 
11 )]([)( ++ = lDlD

ArAAA  

ve her iki taraf soldan l
A �LOH�oDUSÕOÕUVD� 

1)]([ += llD
ArAA  

elde edilir. (Campbell, Meyer 1979) v 

 Bir matrisin indeksi, matrisin boyutundan ve 0m � VÕIÕU� |]� GH÷HULQLQ� FHELUVHO�
NDWÕQGDQ�ID]OD�RODPD\DFD÷Õ�LoLQ�DúD÷ÕGDNL�VRQXo�HOGH�HGLOLU�� 
Sonuç 2.1.2.3. ∈A � nn×

 için 
11 00 )]([)]([

++ == mmnnD
ArAArAA  dir. (Campbell, 

Meyer 1979) 

Teorem 2.1.2.9. A ve C kare matrisler, kAInd =)(  ve lCInd =)(  ve  









=

C

BA
M

0
 

olmak üzere  









=

D

D

D

C

XA
M

0
 

dir ve burada  
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DDD
k

i

iDiDD
l

i

iiDD
BCACCBAAAICCIBCAAX −








−+−








= ∑∑

−

=

−

=

2
1

0

1

0

2
)()()()()()(  

úHNOLQGHGLU��(Campbell, Meyer 1979) 

Sonuç 2.1.2.4. A kare matris ve  









=

00
1

BA
M , 








=

0

0
2

B

A
M , 








=

AB
M

00
3 , 








=

A

B
M

0

0
1  

úHNOLQGHNL�NDUH�PDWULVOHU�LoLQ� 









=

00

)( 2

1

BAA
M

DD

D
, 








=

0)(

0
22 D

D

D

AB

A
M , 








=

DD

D

ABA
M

23
)(

00
, 









=

D

D

D

A

AB
M

0

)(0 2

4  

olur. (Campbell, Meyer 1979) 

 

2.1.3. Grup Tersi 

 

 *UXS� WHUVL��'UD]LQ� WHUVLQ� |]HO� ELU� KDOL� ROPDNOD� EHUDEHU� |QHPOL� X\JXODPDODUÕ�
YDUGÕU��*UXS�WHUVL�DGÕ�,��(UGHO\L�WDUDIÕQGDQ�YHULOPLúWLU��d�QN��YHULOHQ�ELU�A matrisinin 

pozitif ve negatif kuvvetleri birimi 
#

AA �RODQ�ELU�GH÷LúPHOL�JUXSWXU� (Erdelyi, 1967) 

'UD]LQ� WHUVL� KHU� NDUH� PDWULV� LoLQ� YDUGÕU� DQFDN� JUXS� WHUVL� VDGHFH� LQGHNVL� �� RODQ�
matrisler için vDUGÕU��� 
7DQÕP� �������� ∈A � nn×  ve 1)( =AInd  ise A matrisinin Drazin tersine grup tersi 

denir ve #
A  ile gösterilir. Yani, #

A  

i) 
###

AAAA =  

ii) AAAA
## =  

iii) AAAA =#  

GHQNOHPOHULQL�VD÷OD\DQ�WHN�PDWULVWLU��7HNOL÷L�GH�DúD÷ÕGDNL�JLEL�J|VWHULOHELOLU� 
 A matrisinin X ve Y�JLEL�LNL�WDQH�WHUVL�ROGX÷XQX�NDEXO�HGHOLP�� 

EXAAX ==  ve FYAAY ==  diyelim. Bu durumda 

FEAYAXAXE ===  

FEYAXAYAF ===  

\D]ÕODELOLU��<DQL� FE =  dir. Böylece 
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YYAYYFYEYAXFXEXXAXX ========  

olur. (Ben-Israel, Greville 1974) 

 7HRUHP��������¶�LQ�|]HO�KDOL�DúD÷ÕGDNL�JLELGLU� 
Sonuç 2.1.3.1. ∈A � nn× �için #

A �ROPDVÕ�LoLQ�JHUHN�YH�\HWHU�úDUW� 

1

00

0 −








= P

C
PA  

RODFDN�úHNLOGH singüler olmayan P ve C�PDWULVOHULQLQ�ROPDVÕGÕU��(Campbell, Meyer 

1979) 

Sonuç 2.1.3.2. A singüler olmayan bir matris ise 
1# −= AA  dir. (Ben-Israel, Greville 

1974) 

Lemma 2.1.3.1. ∈A � nn× �LoLQ�DúD÷ÕGDNLOHU�GR÷UXGXU� 
i) AA =## )(  

ii) HH
AA )()( ## =  

iii) ,...2,1,)()( ## == lAA
ll  (Ben-Israel, Greville 1974) 

7DQÕm 2.1.3.2. ∈A � nn×
 ve rArank =)( �ROVXQ��(÷HU� ++ = AAAA  oluyorsa A 

matrisine EP matrisi denir.  

Teorem 2.1.3.1. ∈A � nn× �olsun. 
+== AAA

D # �ROPDVÕ�LoLQ�JHUHN�YH�\HWHU�úDUW�A 

PDWULVLQLQ�(3�PDWULVL�ROPDVÕGÕU���&DPSEHOO��0H\HU������ 
øVSDW� A, EP matrisi ise ++ = AAAA  dir. +

A  her zaman A matrisinin (1,2)-tersi 

ROX÷XQGDQ� D
AAA ==+ #

 olur. Tersine 
#

AA =+
 olsun. AAAAAAAA

++ === ##
 

olur. Yani A matrisi EP matrisidir. (Campbell, Meyer 1979) v 

 EP matrislerinin en önemli örneklerinden biri circulant matrislerdir.  

7DQÕP 2.1.3.3. ni ,...,2,1=  için ∈ic � olmak üzere 

 



















== −−

−

−

021

201

110

110 ),...,,(

ccc

ccc

ccc

ccccircC
nn

n

n  
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úHNOLQGHNL�PDWULVH�circulant matris�GHQLU��%LU�FLUFXODQW�PDWULV�LON�VDWÕUÕQ��YH\D�V�WXQ��
HOHPDQODUÕ�LOH�WHPVLO�HGLOLU��'L÷HU�VDWÕUODU�LON�VDWÕU�LOH�D\QÕ�HOHPDQODUD�VDKLSWLU��DQFDN�
her � ELU� VDWÕUÕQ� HOHPDQODUÕ� ELU� |QFHNL� VDtÕUGDQ� ELU� DGÕP� VD÷D� ND\PÕúWÕU�� Circulant 

matrisler denk olarak 

)(modnkij ≡−  

olmak üzere  

][][ kij ccC ==  

úHNOLQGH�GH�WDQÕPODQDELOLU���'DYLV������� 
7DQÕP 2.1.3.4. 1≥n �VDELW�ELU�WDPVD\Õ�YH� 







+






==

n
i

n
ew

n

i πππ
2

sin
2

cos

2

 

olsun.  

[ ]


















==

−−−

−

=
−−

)1)(1(1

1

1,

)1)(1(

1

1

111

11

nnn

n
n

ji

jiH

ww

ww

n
w

n
F

�
���

�
�

 

úHNOLQGHNL�PDWULVH�Fourier matrisi denir ve Fourier matrisi üniterdir. 

Teorem 2.1.3.2. C circulant matris ve 1,...,1,0 −= ni  için leri −λ  C matrisinin öz 

GH÷HUOHUL�ROVXQ��Λ , C matrisiQLQ�|]�GH÷HUOHULQGHQ�ROXúDQ�N|úHJHQ�PDWULV, yani 

),...,,( 110 −=Λ ndiag λλλ  

olmak üzere  

FFC
H Λ=  

dir. (Davis, 1979) 

 λ -lar skalerler olmak üzere  





==
≠=

+

+

0,0

0,/1

λλ
λλλ

 

ve ),...,,( 110 −=Λ ndiag λλλ  için, 

),...,,( 110

+
−

+++ =Λ ndiag λλλ  

úHNOLQGHGLU��$\UÕFD�C�PDWULVLQLQ�|]�GH÷HUOHUL 
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1,...,1,0,)(
1

0

−== ∑
−

=

−
njwcC

n

k

jk

kjλ  

úHNOLQGHGLU� (Davis, 1979) 

Teorem 2.1.3.3.  C circulant matris ve FFC
H Λ=  olmak üzere C matrisinin Moore-

Penrose tersi  

FFC
H ++ Λ=  

úHNOLQGHGLU��(Davis, 1979) 

Sonuç 2.1.3.3. Circulant matrisler EP matrisidir. 

øVSDW��C circulant matris olmak üzere   

FFFFFFCC
HHH +++ ΛΛ=ΛΛ= ))((  

ve  

FFFFFFCC
HHH ΛΛ=ΛΛ= +++ ))((  

úHNOLQGHGLU��Λ �N|úHJHQ�PDWULV�ROGX÷XQGDQ� 
ΛΛ=ΛΛ ++  

ve sonuç olarak 

CCCC
++ =  

elde edilir. v 

C singüler circulant matris ise indeksi 1’ dir. (Diao, Wei 2005) 

Gerçekten; FFC
H Λ=  ve FFC

H 22 Λ= �úHNOLQGHGLU�� H
F  ve F  matrisleri singüler 

olmayan mDWULVOHU�ROGX÷X�LoLQ� 
)()()( Λ=Λ= rankFFrankCrank

H  

ve  

)()()( 222 Λ=Λ= rankFFrankCrank
H  

olur. Λ � N|úHJHQ� PDWULV� ROGX÷XQGDQ� )()( 2Λ=Λ rankrank  ve sonuç olarak 

)()( 2
CrankCrank = �HOGH�HGLOLU��øQGHNV�WDQÕPÕQGDQ�C matrisinin indeksi 1 olur.  

 Yani, singüler circulant C matrisi için 
#

CC =+ �GÕU� 
Sonuç 2.1.3.4. #

C  matrisi normal matristir. 
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øVSDW�   

##

##

)(

)()(

)()(

))(()(

CC

FFFF

FFFF

FFFFCC

H

HHH

HHHH

HHHH

=

ΛΛ=

ΛΛ=ΛΛ=

ΛΛ=

++

++++

++

 

elde edilir. v 

2.2. Hadamard Tersi  

 

 $\QÕ� ER\XWOX� DQFDN� NDUH� ROPD\DQ� KHUKDQJL�A ve B PDWULVOHUL� LoLQ� DOÕúÕOPÕú�
PDWULV�oDUSÕPÕ� AB �WDQÕPODQDPD]��$QFDN�EX�PDWULVOHU�LoLQ�+DGDPDUG�oDUSÕPÕ� BA $  

WDQÕPODQDELOLU�� $OÕúÕOPÕú� PDWULV� oDUSÕPÕ� JLEL� +DGDPDUG� oDUSÕPÕ� GD� ELUOHúPH� YH�
WRSODPD��]HULQH�GD÷ÕOPD�|]HOOL÷LQH�VDKLSWLU��+DGDPDUG�oDUSÕPÕQD�J|UH�ELULP�HOHPDQ�
PDWULVL� E�W�Q� HOHPDQODUÕ� �� RODQ� PDWULVWLU� YH� EX� PDWULV� J ile gösterilir. Hadamard 

oDUSÕPÕQD� J|UH� PDWULVLQ� WHUV� HOHPDQÕ� +DGDPDUG� WHUVL� RODUDN� ELOLQLU�� 0DWULVOHULQ�
+DGDPDUG� WHUV� oHYULOHELOLU� ROPDVÕ� LoLQ� HOHPDQODUÕQÕQ� VÕIÕUGDQ� IDUNOÕ� ROPDVÕ� JHUHNLU��
+DGDPDUG� oDUSÕPÕQÕQ� DOÕúÕOPÕú� PDWULV� oDUSÕPÕQGDQ� HQ� |QHPOL� IDUNÕ� GH÷LúPHOL�
ROPDVÕGÕU���+RUQ������� 

+DGDPDUG� oDUSÕPÕ� JHQLú� ELU� X\JXODPD� DODQÕQD� VDKLSWLU�� 3HUL\RGLN�
IRQNVL\RQODUÕQ� NRQYRO�V\RQODUÕQÕQ� WULJRQRPHWULN� PRPHQWleri, integral 

GHQNOHPOHULQLQ� oHNLUGHNOHULQLQ� oDUSÕPÕ�� NÕVPL� GLIHUHQVL\HO� GHQNOHPOHULQ� ]D\ÕI�
PLQXPXP� SUHQVLSOHUL� YH� RODVÕOÕN� WHRULVLQGHNL� NDUDNWHULVWLN� IRQNVL\RQODU� EXQODUD�
örnek verilebilir. (Horn, Johnson, 1991) 

7DQÕP������� ∈A � nm×  ve ∈B � nm×  matrisleri için  

][ ijijbaBA =$  

úHNOLQGH�WDQÕPODQDQ�oDUSÕPD�A ve B matrislerinin +DGDPDUG�oDUSÕPÕ denir.  

7HRUHP���������6FKXU�dDUSÕP�7HRUHPL� ∈A � nn×  ve ∈B � nn× �SR]LWLI�\DUÕ�WDQÕPOÕ�
matrisler ise BA $ �GH�SR]LWLI�\DUÕ�WDQÕPOÕGÕU�� 
 ∈A � nn× �PDWULVL�SR]LWLI�\DUÕ�WDQÕPOÕ�LVH�6FKXU�WHRUHPL� 

[ ]2)( ijaAA =$  

+DGDPDUG�oDUSÕPÕQÕQ�YH 
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[ ]3)()( ijaAAA =$$  

oDUSÕPÕQÕQ�YH�GROD\ÕVÕ\OD�� ,...2,1=k  için,  

[ ]k

ij

k aA )(=$
 

úHNOLQGHNL�A�PDWULVLQLQ�E�W�Q�SR]LWLI�WDPVD\Õ�NXYYHWOHULQLQ�SR]LWLI�\DUÕ�WDQÕPOÕ�
ROPDVÕQÕ�JDUDQWL�HGHU���+RUQ, 1990) 

7DQÕP�������� 0≠ija  olmak üzere ∈= ][ ijaA � nm×  matrisi verilsin.  












=−

ija
A

1)1($  

úHNOLQGH�WDQÕPODQDQ�PDWULVH�A matrisinin Hadamard tersi denir. (Horn, 1990) 

 Bir matrisin Hadamard ters çevriOHELOLU� ROPDVÕ� LoLQ� HOHPDQODUÕQÕQ� VÕIÕUGDQ�
IDUNOÕ� ROPDVÕ�JHUHNLU��$QFDN�PDWULVLQ� HOHPDQODUÕ� LoLQGH� VÕIÕU� EXOXQPDVÕ� GXUXPXQGD�
WDQÕPÕ�DúD÷ÕGDNL�JLEL�JHQHOOHúWLUHELOLUL]�� 
7DQÕP�������� ∈= ][ ijaA � nm× �verilsin. 







=

≠
=−

0,0

0,
1

)1(

ij

ij

ij

a

a
aA$  

úHNOLQGH�WDQÕPODQDQ�PDWULVH�A¶�QÕQ�JHQHOOHúWLULOPLú�+DGDPDUG�WHUVL�GHQLU�� 
Teorem 2.2.2. ∈A , nn× �PDWULVL�SR]LWLI�HOHPDQOÕ��ELU�WDQH�SR]LWLI�|]�GH÷HUH�VDKLS�
simetrik matris olsun. Bu durumda )1(−$A �SR]LWLI�\DUÕ�WDQÕPOÕGÕU���%DSDW������� 
Teorem 2.2.3. ∈A , nn× �PDWULVL�SR]LWLI�HOHPDQOÕ��ELU�WDQH�SR]LWLI�|]�GH÷HUH�VDKLS�
VLPHWULN�PDWULV�ROVXQ��(÷HU�A matrisi ters çevrilebilir ise )1(−$A  pozitiI�WDQÕPOÕGÕU��
(Reams, 1999) 

Lemma 2.2.1. ∈BA, , nn×
 olsun. ∈D , nn×

 ve ∈E , nn× �N|úHJHQ�PDWULVOHU�ROPDN�
üzere  

)()()()()()()( DBEADBAEBEDABDAEEBAD $$$$$ ====  

GÕU��(Horn, Johnson, 1991) 

7DQÕP������� ∈A , nn×  singüler olmayan matris olmak üzere  

1)( −≡Φ AAA $  
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ve  

T

T AAA )()( 1−≡Φ $  

ile gösterilir. (Horn, Johnson, 1991)   

Lemma 2.2.2. ∈A , nn×  singüler olmayan matris ve ∈ED, , nn×  singüler olmayan 

N|úHJHQ�PDWULVOHU�ROPDN��]HUH� 
i) )()( ADAE TT Φ=Φ  

ii) ))(()()( 111 EDAEDDAE −−− Φ=Φ  

olur.  (Horn, Johnson, 1991) 

 A singüler matris ve 1)( =AInd �ROVXQ��7DQÕP�������¶��GHNL� )(AΦ  ve )(ATΦ  

ifadelerini  bu A matrisi için yazarsak  

#)( AAAg $≡Φ  

Tg

T AAA )()( #$≡Φ  

olur. )(AgΦ  ve )(Ag

TΦ  için Lemma 2.2.2 sa÷ODQPD]��DQFDN�A matrisi circulant 

PDWULV�LVH�DúD÷ÕGDNL�OHPPD�HOGH�HGLOLU�� 
Lemma 2.2.3. ∈A , nn×  singüler circulant  matris ve ∈ED, , nn×  skaler  matrisler 

olmak üzere  

i) )()( ADAE g

T

g

T Φ=Φ  

ii) ))(()()( 111 EDAEDDAE gg −−− Φ=Φ  

olur.  

øVSDW� 
i) D ve E�VLQJ�OHU�ROPD\DQ�PDWULVOHU�ROGX÷X�LoLQ� )()( ArankDAErank = �GÕU�� 
7DQÕPGDQ� 

Tg

T DAEDAEDAE ))(()()( #$=Φ                                     (2.2) 

\D]ÕOÕU��D, E ve A matrisleri circulant matULV�ROGX÷X�LoLQ� 
 

E ve D�VLQJ�OHU�ROPD\DQ�PDWULVOHU�ROGX÷X�LoLQ� 1# −= EE  ve 
1# −= DD  dir. (2.2) 

GHQNOHPL�WHNUDU�G�]HQOHQLU�YH�/HPPD�������J|]�|Q�QH�DOÕQÕUVD 

####)( DAEDAE =
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)()(

))(()(

))())((()()(

#

#1

1#1

AAA

ADDA

EADDAEDAE

g

T

T

T

Tg

T

Φ==

=

=Φ
−

−−

$
$
$

 

elde edilir.  

ii) )(DAE
gΦ �QLQ�WDQÕPÕ�YH�/HPPD�������NXOODQÕODUDN� 

))(()(

))(()(

)())((

)())((

)()(

)()(

)()()(

111

1#11

1#11

1#11

1#1

1#1

#

EDAED

EDAAED

EDAAED

DAAEED

DADAEE

DAEDAE

DAEDAEDAE

g

g

−−−

−−−

−−−

−−−

−−

−−

Φ=

=

=

=

=

=

=Φ

$
$
$

$
$
$

 

olur. v 
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3. NORMLAR 

 

�����9HNW|U�1RUPODUÕ 
 

7DQÕP�������� ),( +V �GH÷LúPHOL�ELU�JUXS�YH� ),,( ⋅+F  bir cisim olsun. Her Fba ∈,  ve 

her Vvu ∈,  için, 

i) Vau ∈ , 

ii) uabbua )()( = , 

iii) buauuba +=+ )( , 

iv) avauvua +=+ )( , 

v) uu =1 (1, F�FLVPLQLQ�ELULP�HOHPDQÕGÕU�� 
DNVL\RPODUÕ�VD÷ODQÕUVD�V kümesine F cismi üzerinde bir YHNW|U�X]D\Õ (veya lineer 

uzay) denir.  

7DQÕP������� V, F�FLVPL��]HULQGH�WDQÕPODQPÕú�ELU�YHNW|U�X]D\Õ�ROPDN��]HUH� 
→⋅ V: , +  

G|Q�ú�P��KHU� Vvu ∈,  ve F∈α için 

i) 0≥u  ve 00 =⇔= uu , 

ii) uu αα = , 

iii) vuvu +≤+  

DNVL\RPODUÕQÕ�VD÷ODUVD�EX�G|Q�ú�PH�norm, V�X]D\ÕQD�GD�normlu uzay denir.  

 

�����0DWULV�1RUPODUÕ 
 

7DQÕP������� )(FM n �HOHPDQODUÕ�F cisminden aOÕQDQ� nn ×  matrislerin kümesini 

göstermek üzere  

→⋅ )(: FM n , +  

G|Q�ú�P��KHU� )(, FMBA n∈  ve her F∈α  için, 

i) 0≥A  ve 00 =⇔= AA , 
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ii) AA αα = , 

iii) BABA +≤+ , 

iv) BAAB ≤   

DNVL\RPODUÕQÕ�VD÷ODUVD�EX�G|Q�ú�PH�matris normu denir. Matris normu )(FMA n∈  

için A � LOH� J|VWHULOLU�� (÷HU� VDGHFH� i), ii) ve iii) DNVL\RPODUÕ� VD÷ODQÕUVD� EX� QRUPD�
JHQHOOHúWLULOPLú�PDWULV�QRUPX�GHQLU�� 
 <XNDUÕGDNL�QRUP�DNVL\RPODUÕQÕ�VD÷OD\DQ�ED]Õ�PDWULV�QRUPODUÕ�úX�úHNLOGH�
verilebilir: 

A, nn ×  matris olmak üzere  

∑
=≤≤

=
n

i

ij
nj

aA
1

11
max  

ifadesine A matrisinin sütun normu, 

∑
=≤≤∞

=
n

j

ij
ni

aA
1

1
max  

ifadesine A matrisinin VDWÕU�QRUPX, 

)(

2/1

1,

2

AAizaA
H

n

ji

ijF
=








= ∑

=

 

ifadesine A matrisinin Frobenius (Euclidean veya Schur veya 2" ) normu, 

=
2

A max{ λ : λ , AA
H ¶�QÕQ�|]�GH÷HUL` 

ifadesine A matrisinin spektral normu, 

)1(

/1

1,

∞<≤







= ∑

=

paA

p
n

ji

p

ijp
 

ifadesine A matrisinin p"   normu denir.  

 Herhangi bir ⋅ �PDWULV�QRUPX�LoLQ�H÷HU�A ters çevrilebilir bir matris ise 

11 =−
AA �RODFD÷ÕQGDQ� 

11 −− ≤= AAAAI  

olur ve  
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A

I
A ≥−1

 

úHNOLQGH� 1−
A �LoLQ�DOW�VÕQÕU�HOGH�HGLOLU�� 

7DQÕP 3.2.2. A matrisiniQ�PXWODN�GH÷HUFH�HQ�E�\�N�|]�GH÷HULQH�A¶�QÕQ�spektral 

\DUÕoDSÕ denir ve )(Aρ  ile gösterilir.  

Teorem 3.2.1. Herhangi bir ⋅ matris normu için  

AA ≤)(ρ  

HúLWVL]OL÷L�VD÷ODQÕU��1REOH������� 
Teorem 3.2.2. 1<A  ve 1=I  ise AI +  singüler olmayan matristir ve  

( )
A

AI
A −

≤+≤
+

−

1

1

1

1 1
 

VD÷ODQÕU���1REOH������� 
øVSDW iλ ’ler A�PDWULVLQLQ� |]� GH÷HUOHUL� ROPDN� �]HUH�7HRUHP������¶� GHQ� 1<iλ  dir. 

Noble (1969)’ a göre AI + ¶QLQ� |]� GH÷HUOHUL� iλ+1 ¶OHU� ROGX÷XQGDQ� AI +  öz 

GH÷HUOHUL�VÕIÕUGDQ�IDUNOÕ�YH�GROD\ÕVÕ\OD� AI +  ters çevrilebilir bir matristir.  

IAIAI =++ −1))((                                                  (3.1) 

ve  

1=I  

ROGX÷XQGDQ� 
( ) ( ) ( ) 11

11
−− ++≤++≤ AIAAIAI                                  (3.2) 

HOGH�HGLOLU��$\UÕFD�\LQH�1REOH�������¶�D�J|UH�������HúLWOL÷L�\HQLGHQ�G�]HQOHQLUVH 

11 )()( −− +−=+ AIAIAI  

ve 

111 )(1)(1)( −−− ++≤++≤+ AIAAIAAI                               (3.3) 

ROXU�YH�������YH�������GHQ�LVSDW�WDPDPODQÕU���1REOH��������v 

 

7DQÕP 3.2.3. Herhangi bir nMA∈  matrisi ve nMVU ∈,  üniter matrisleri için  

AUAV =  
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ise bu norma üniter invaryant matris normu denir. 

FF
AUAV =  ve 

22
AUAV =  dir. Yani Frobenius normu ve spektral 

QRUP��QLWHU�LQYDU\DQW�PDWULV�QRUPODUÕGÕU� (Horn, Johnson 1985) 

Teorem 3.2.3. Herhangi bir ∈A � nn×  matrisi için 

2

1

2 ∑
=

≥
n

i

iF
A λ �GÕU ve 

2

1

2 ∑
=

=
n

i

iF
A λ �ROPDVÕ�LoLQ�JHUHN�YH�\HWHU�úDUW�A�PDWULVLQLQ�QRUPDO�ROPDVÕGÕU�� 

(Horn, Johnson 1985) 

Lemma 3.2.1. ∈A � nn×  , rArank =)(  ve 1)( =AInd  olsun. Bu durumda  

##
AAIAA −=  

olur. (Wei, 1999) 

øVSDW��:HL���������J|VWHUPLúWLU�NL�A�PDWULVLQLQ�6FKXU�SDUoDODQÕúÕQGDQ�Q üniter 

matris, B�N|úHJHQ�HOHPDQODUÕ�VÕIÕUGDQ�IDUNOÕ�ELU�PDWULV�YH�C�N|úHJHQ�HOHPDQODUÕ�VÕIÕU�
olan bir matris olmak üzere  

H
Q

C

DB
QA 








=

0
 

\D]ÕODbilir. )()( 2
ArankArank = �ROGX÷XQGDQ� 0=C  elde edilir. Sonuç 2.1.2.4’den  

H
Q

DBB
QA 








=

−−

00

)( 211

#
 

olur. Buradan  

Hr Q
DBI

QAA 







=

−

00

1

#
 

ve 

H

rn

Q
I

DB
QAAI 







 −
=−

−

−

0

0 1

#
 

elde edilir ve sonuçta 

##
AAIAA −=  

olur. (Wei, 1999) v 

TDQÕP 3.2.4. A, nm ×  matris olsun.  
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miaAr
n

j

iji ,...,2,1,)(
1

2

== ∑
=

 

ifadesine A matrisinin (XFOLGHDQ�VDWÕU�X]XQOX÷X ve 

njaAc
m

i

ijj ,...2,1,)(
1

2

== ∑
=

 

ifadesine de A matrisinin (XFOLGHDQ�V�WXQ�X]XQOX÷X denir. (Horn, Johnson 1991) 

Teorem 3.2.4. A, B ve C nm ×  matrisler ve CBA $=  olsun. ∑
=

=
n

j

ij
i

bBr
1

2

1 max)(  

ve ∑
=

=
n

i

ij
j

cCc
1

2

1 max)(  olmak üzere 

)()( 112
CcBrA ≤  

dir. (Mathias, 1990) 
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���0$75ø6/(5ø1�7(56/(5ø1ø1�1250/$5, 
  

Bu bölümde Catalan ve MRW]NLQ� VD\ÕODUÕQGDQ� ID\GDODQÕODUDN� WDQÕPODQDQ�
PDWULVOHULQ�QRUPODUÕ�LQFHOHQGL� 

&DWDODQ�VD\ÕODUÕ�ELU�WDPVD\Õ�GL]LVLGLU�YH�(XOHU¶LQ�oRNJHQ�E|OPH�SUREOHPL�RODUDN�
bilinen “n-NHQDUOÕ�ELU�G�]J�Q�oRNJHQ�NDo�WDQH�IDUNOÕ�n-2 tane üçgene bölünebilir?” 

sorusunun cevabÕGÕU��%LU�&DWDODQ�VD\ÕVÕ� 

!)!1(

)!2(2

1

1

nn

n

n

n

n
Cn +

=







+

=  

úHNOLQGH�IRUP�OH�HGLOLU��%|\OHFH�LON�VD\ÕODU 
 

n 0 1 2 3 4 5 6 … 

nC  1 1 2 5 14 42 132 … 

 

úHNOLQGHGLU�� 
7DQÕP 4.1. Herhangi bir )(xf  fonksiyonunun  

∑
∞

=

=
0

)(
n

n

n xaxf  

úHNOLQGH�VHUL�DoÕOÕPÕQGD� ,...},,{ 210 aaa �NDWVD\ÕODUÕ�ELU�VD\Õ�GL]LVL�YHUL\RUVD� )(xf  

fonksiyonuna üretici fonksiyon (generating function) denir. )(xf  üretici fonksiyonu 

ED]HQ�GH�HQXPHUDWH�RODUDN�DGODQGÕUÕOÕU�� 
$úD÷ÕGDNL�WDEORGD��UHWLFL�IRQNVL\RQODUD�|UQHNOHU�J|U�OPHNWHGLU� 
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pn  )(xf  seri 

1 

x

x

−1
 

32
xxx ++  

n 
2)1( x

x

−
 

432 432 xxxx +++  

 

2
n  

3)1(

)1(

x

xx

−
+

 
432

1694 xxxx +++  

3
n  

4

2

)1(

)14(

x

xxx

−
++

 
32

278 xxx ++  

4n  
5

2

)1(

)110)(1(

x

xxxx

−
+++

 
32 8116 xxx ++  

 

(http://mathworld.wolfram.com) 

 &DWDODQ�VD\ÕODUÕ�LoLQ��UHWLFL�IRQNVL\RQ 

...521
2

411 32

0

++++==
−− ∑

∞

=

xxxxC
x

x

n

n

n  

úHNOLQGH�YHULOPHNWHGLU���'HXWVFK��6KDSLUR������ 
 0RW]NLQ� VD\ÕODUÕ� GD� ELU� WDPVD\Õ� GL]LVLGLU�� 'RQDJKH\� YH� 6KDSLUR� ������� EX�
VD\ÕODUÕ����IDUNOÕ�úHNLOGH�LIDGH�HWPLúOHUGLU��gzellikle (0,0)’ den (0,n)’ e sadece (1,0), 

(1,1) ve (1,-��� DGÕPODUÕQÕ� NXOODQDUDN� JLGHQ� \RO� VD\ÕVÕ� 0RW]NLQ� VD\ÕVÕGÕU�� 0RW]NLQ�
VD\ÕODUÕ�� 1,1 10 == MM  olmak üzere  

)2(
2

0

21 ≥+= ∑
−

=
−−− nMMMM

n

k

knknn  

IRUP�O�\OH�LIDGH�HGLOLU���$LJQHU�������%|\OHFH�LON�VD\ÕODU 
 

n 0 1 2 3 4 5 6 … 

nM  1 1 2 4 9 21 51 … 

 

úHNOLQGHGLU��0RW]NLQ�VD\ÕODUÕ�LoLQ��UHWLFL�IRQNVL\RQ 

...219421
2

3211 5432

0
2

2

++++++==
−−−− ∑

∞

=

xxxxxxM
x

xxx

n

n

n  
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úHNOLQGHGLU���$LJQHU������ 
&DWDODQ�YH�0RW]NLQ�VD\ÕODUÕ�DUDVÕQGD 

k

k

n C
k

n
M ∑

≥








=

0 2
                                                                                                                  

k

n

k

n M
k

n
C ∑

=
+ 








=

0

1                                                                                                                   

úHNOLQGH�ELU�LOLúNL�EXOXQPDNWDGÕU. (Aigner 1998) 

Teorem 4.1. Her 1≥n �LoLQ�DúD÷ÕGDNLOHU�GR÷UXGXU� 
i) 

n

n

n

n

M

M

M

M 1

1

+

−

≤  

ii) 3
1

<
−n

n

M

M
 

iii) 3lim
1

=
−

∞→
n

n

n M

M
 

dir. (Aigner 1998) 

&DWDODQ�YH�0RW]NLQ�VD\ÕODUÕQÕQ�HQ�J�]HO�|]HOLNOHULQGHQ�ELUL�+DQNHO�
matULVOHULQH�X\JXODPDODUÕGÕU� 
 



















=

+

+

nnn

n

n

CCC

CCC

CCC

A

21

121

10

�
���

�
�

                                           (4.1) 

ve 



















=

−+

+

121

132

21

nnn

n

n

CCC

CCC

CCC

B

�
���

�
�

                                          (4.2) 

+DQNHO�PDWULVOHULQLQ�GHWHUPLQDQWÕ��¶GLU���$LJQHU�������  
$\UÕFD 
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

















=

+

+

nnn

n

n

MMM

MMM

MMM

K

21

121

10

�
���

�
�

                                       (4.3) 

ve 



















=

−+

+

121

132

21

nnn

n

n

MMM

MMM

MMM

L

�
���

�
�

                                       (4.4) 

olsun. 

 Her n için 1det =K �GLU���$\UÕFD� 1,0≡n  için; )6(mod1det =L , 5,2≡n  için; 

)6(mod0det =L  ve 4,3≡n  için; )6(mod0det =L �GÕU���$LJQHU������ 
7DQÕP����� 1>p  olmak üzere  

∑
∞

=

=
1

1
)(

n
pn

pζ  

fonksiyonuna Riemann zeta fonksiyonu denir.  

 

�����&DWDODQ�YH�0RW]NLQ�6D\ÕODUÕQD�%D÷OÕ�7DQÕPODQDQ�+DQNHO�0DWULVOHULQLQ�
+DGDPDUG�7HUVOHULQLQ�1RUPODUÕ 
 

 Bu bölümde  



















=

++

+

+

nnn

n

n

CCC

CCC

CCC

D

221

243

132

�
���

�
�

                                   (4.5) 

ve  



















=

++

+

+

nnn

n

n

MMM

MMM

MMM

N

221

243

132

�
���

�
�

                                 (4.6) 

úHNOLQGH� +DQNHO� PDWULVOHUL� WDQÕPODQDUDN�� bu matrislerin Hadamard terslerinin p"  

QRUPODUÕ� LoLQ� �VW� VÕQÕUODU� HOGH� HGLOGL�� %XQD� ED÷OÕ� RODUDN� ������ YH� ������ GH� YHULOHQ�
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Hankel matrislerinin Hadamard terslerinin p" � QRUPODUÕQÕQ� �VW� VÕQÕUODUÕ� YHULOGL��
$\UÕFD� EX� PDWULVOHULQ� +DGDPDUG� oDUSÕPODUÕQÕQ� )UREHQLXV� QRUPX� LoLQ� VÕQÕUODU�
KHVDSODQGÕ�� 
Teorem 4.1.1. D  PDWULVL�������GHNL�JLEL�WDQÕPODQVÕQ��%X�GXUXPGD� ∞<< p1  olmak 

üzere  

p
pp C

pD
4

)1( 1
)( +≤− ζ$

 

�VW�VÕQÕUÕ�JHoHUOLGLU�� 
øVSDW� Matrisin p" �QRUPXQXQ�WDQÕPÕQGDQ 

∑∑
−

= ++= +

− −
+=

1

1 11 1

)1(
n

k
p

kn

n

k
p

k

p

p C

kn

C

k
D$

 

olur. Buradan birinci toplam için   

∑∑
== +

<
n

k
p

n

k
p

k kC

k

11 1

1
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GLU��%X�HúLWOL÷LQ�KHU�LNL�WDUDIÕQÕ�n ile bölHU�YH�NDUHN|N�DOÕUVDN� 
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Teorem 4.2.3. B matrisi Sonuç 4.2.2 deki gibi ve A matrisi Teorem 4.2.2 deki gibi 
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���1h0(5ø.�6218d/$5 

  

%X�E|O�PGH����E|O�PGHNL�ED]Õ�WHRUHPOHUGH�JHoHQ�HúLWVL]OLNOHU�LoLQ�&�SURJUDP�
GLOLQGH� \D]ÕODQ� ELOJLVD\DU� SURJUDPODUÕ� YHULOGL�� 3URJUDPODU� \DUGÕPÕ\OD� HúLWVL]OLNOHULQ�
DOGÕ÷Õ�GH÷HUOHU�WDEORODU�KDOLQGH�YHULOGL�YH�EX�GH÷HUOHUH�NDUúÕOÕN�JHOHQ�grafikler çizildi. 

*UDILN�oL]LPLQGH�&XUYH�([SHUW�����SURJUDPÕ�NXOODQÕOPÕúWÕU� 
 

Program 1: 

/* Teorem 4.1.1’de ∑∑
== +

<
n

k
p

n

k
p

k kC

k

11 1

1
  için */ 

#include<stdio.h> 

#include<conio.h> 

#define deger 100 

main() 

{ 

    int i,k; 

    float c[deger],sonuc1=0.0,sonuc2=0.0; 

    c[0]=1.0; 

    for(i=0;i<=deger;i++) 

    { 

        c[i+1]=0.0; 

         for(k=0;k<=i;k++) 

            c[i+1]=c[i+1]+c[k]*c[i-k]; 

        printf("\Q�F>�G@�VD\ÕVÕ����I��L���F>L��@�� 
     } 

     for(k=1;k<deger;k++) 

        sonuc1=sonuc1+(k/((c[k+1])*(c[k+1])*c[k+1])); 

     for(k=1;k<deger;k++) 

        sonuc2=sonuc2+(1./(k*k*k)); 

 

     printf("\n Toplam 1 = %1.8f",sonuc1); 

     printf("\n Toplam 2 = %1.8f",sonuc2); 

     getch(); 

} 
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p=2 için; 

 

Tablo 5.1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

%X�GH÷HUOHUH�NDUúÕOÕN�JHOHQ�JUDILNOHU�DúD÷ÕGDNL�JLELGLU� 
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���H���

���H���

���H���

���H���

���H���

���H���

���H���

 
���H��� ���H��� ���H��� ���H��� ���H��� ���H��� ���H���

���H���

���H���

���H���

���H���

���H���

���H���

���H���

 

���������������������������ùHNLO������������������������������������������������������������������ùHNLO����� 
 

 

 

 

 

 

n 

 

∑
−

= +

1

1 1

n

k
p

kC

k
 ∑

−

=

1

1

1n

k
pk

 

2 0.25000000 1.00000000 

3 0.33000000 1.25000000 

4 0.34530613 1.36111116 

5 0.34757370 1.42361116 

6 0.34786066 1.46361113 

7 0.34789327 1.49138892 

8 0.34789670 1.51179707 

9 0.34789702 1.52742207 

10 0.34789705 1.53976774 

20 0.34789705 1.59366302 

30 0.34789705 1.61103916 

40 0.34789705 1.61961925 

50 0.34789705 1.62473297 

100 0.34789705 1.63488400 
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p=3 için;  

 

Tablo 5.2. 

 

n 

 

∑
−

= +

1

1 1

n

k
p

kC

k
 ∑

−

=

1

1

1n

k
pk

 

2 0.12500000 1.00000000 

3 0.14100000 1.12500000 

4 0.14209330 1.16203701 

5 0.14214729 1.17766201 

6 0.14214946 1.18566203 

7 0.14214954 1.19029164 

8 0.14214954 1.19320714 

9 0.14214954 1.19516027 

10 0.14214954 1.19653201 

20 0.14214954 1.20074284 

30 0.14214954 1.20148253 

40 0.14214954 1.20173657 

50 0.14214954 1.20185292 

100 0.14214954 1.20200646 

 

%X�GH÷HUOHUH�NDUúÕOÕN�JHOHQ�JUDILNOHU�DúD÷ÕGDNL�JLELGLU� 
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Program 2:  

/* Teorem 4.4.1 de 
p

n

k
p

kn CC

kn

4

1

1 1

1
≤

−∑
−

= ++

�HúLWVL]OL÷L�LoLQ�
� 

 #include<stdio.h> 

#include<conio.h> 

#define deger 6 

main() 

{ 

    int i,k,n,s; 

    float t,c[deger*2],sonuc1=0.0,sonuc2=0.0; 

    n=deger; 

    c[0]=1.0; 

    s=2*n; 

    for(i=0;i<=s;i++) 

   { 

      c[i+1]=0.0; 

      for(k=0;k<=i;k++) 

         c[i+1]=c[i+1]+c[k]*c[i-k]; 

      printf("\Q�F>�G@�VD\ÕVÕ����I��L���F>L��@��G
G  }G
 

   for(k=1;k<=(n-1);k++) 

   {  

       t=c[n+k+1]*c[n+k+1]*c[n+k+1]; 

       sonuc1=sonuc1+((n-k)/t); 

   } 

       printf("\n\n\n Toplam 1 = %1.8f",sonuc1); 

       getch(); 

} 
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p=2 için; 

 

Tablo 5.3. 

 

n 

 

∑
−

= ++

−1

1 1

n

k
p

knC

kn
 pC4

1
 

2 0.00510204 0.00510204 

3 0.00119118 0.00510204 

4 0.00018353 0.00510204 

5 0.00002329 0.00510204 

6 0.00000263 0.00510204 

7 0.00000027 0.00510204 

8 0.00000003 0.00510204 

9 0.00000000 0.00510204 

 

%X�GH÷HUOHUH�NDUúÕOÕN�JHOHQ�JUDILN�DúD÷ÕGDNL�JLELGLU� 
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���H���

 

ùHNLO����� 
 

 

 

 

 

  

p=3 için; 
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Tablo 5.4. 

 

n 

 

∑
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1 1

n

k
p

knC

kn
 

pC4

1
 

2 0.00036443 0.0003644 

3 0.00002743 0.0003644 

4 0.00000133 0.0003644 

5 0.00000005 0.0003644 

6 0.00000000 0.0003644 

 

%X�GH÷HUOHUH�NDUúÕOÕN�JHOHQ�JUDILN�DúD÷ÕGDNL�JLELGLU� 
 

���H��� ���H��� ���H��� ���H��� ���H��� ���H��� ���H���
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���H���
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Program 3. 
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/* Teorem 4.1.3’ de ∑∑
== +

≤
n

k
p

n

k
p

k kM

k

11 1

1 �HúLWVL]OL÷L�LoLQ�
� 

#include<stdio.h> 

#include<conio.h> 

#define deger 10 

main() 

{ 

    int i,k; 

    float M[deger],sonuc1=0.0,sonuc2=0.0; 

    M[0]=1.0;M[1]=1.0; 

    for(i=2;i<=deger;i++) 

   { 

        M[i]=M[i-1]; 

        for(k=0;k<=i-2;k++) 

           M[i]=M[i]+M[k]*M[i-2-k]; 

        printf("\n M[%d] sayisi : %1.8f",i,M[i]); 

     } 

     for(k=1;k<deger;k++) 

        sonuc1=sonuc1+(k/((M[k+1])*(M[k+1])*(M[k+1]))); 

     for(k=1;k<deger;k++) 

        sonuc2=sonuc2+(1./(k*k*k)); 

     printf("\n\n Toplam 1 = %1.8f",sonuc1); 

     printf("\n\n Toplam 2 = %1.8f",sonuc2); 

     getch(); 

} 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

p=2 için; 
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Tablo 5.5. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

%X�GH÷HUOHUH�NDUúÕOÕN�JHOHQ�JUDILNOHU�DúD÷ÕGDNL�JLbidir: 

 

���H��� ���H��� ���H��� ���H��� ���H��� ���H��� ���H���
���H���

���H���

���H���

���H���

���H���

���H���

���H���

 
���H��� ���H��� ���H��� ���H��� ���H��� ���H��� ���H���

���H���

���H���

���H���

���H���

���H���

���H���

���H���

 

�������ùHNLO������������������������������������������������������������������ùHNLO����� 
 

 

 

 

 

 

n 

 

∑
−

= +

1

1 1

n

k
p

k
M

k
 ∑

−

=

1

1

1n

k
pk

 

2 0.25000000 1.00000000 

3 0.37500000 1.25000000 

4 0.41203704 1.36111116 

5 0.42110735 1.42361116 

6 0.42302969 1.46361113 

7 0.42340168 1.49138892 

8 0.42346877 1.51179707 

9 0.42348024 1.52742207 

10 0.42348212 1.53976774 

11 0.42348242 1.54976773 

12 0.42348248 1.55803216 

20 0.42348248 1.59366302 

30 0.42348248 1.61103916 

40 0.42348248 1.61961925 

50 0.42348248 1.62473297 

100 0.42348248 1.63488400 
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p=3 için; 

 

Tablo 5.6. 

 

n 

 

∑
−

= +

1

1 1

n

k
p

kM

k
 ∑

−

=

1

1

1n

k
pk

 

2 0.12500000 1.00000000 

3 0.15625000 1.12500000 

4 0.16036522 1.16203701 

5 0.16079715 1.17766201 

6 0.16083485 1.18566203 

7 0.16083778 1.19029164 

8 0.16083799 1.19320714 

9 0.16083801 1.19516027 

10 0.16083801 1.19653201 

20 0.16083801 1.20074284 

30 0.16083801 1.20148253 

40 0.16083801 1.20173657 

50 0.16083801 1.20185292 

100 0.16083801 1.20200646 

 

%X�GH÷HUOHUH�NDUúÕOÕN�JHOHQ�JUDILNOHU�DúD÷ÕGDNL�JLELGLU� 
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���H���

���H���

���H���

���H���

���H���

 
���H��� ���H��� ���H��� ���H��� ���H��� ���H��� ���H���

���H���

���H���

���H���

���H���

���H���

���H���

���H���
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Program 4:  
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/* Teorem 4.1.3 de 
p

n
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p

kn MM

kn
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−

= ++

�HúLWVL]OL÷L�LoLQ�
� 

#include<stdio.h> 

#include<conio.h> 

#define deger 8 

main() 

{ 

   int i,k,n; 

   float t,m=0.0,h=0.0,M[deger*2],sonuc1=0.0,sonuc2=0.0; 

   n=deger; 

   M[0]=1.0;M[1]=1.0; 

   for(i=2;i<=2*n;i++) 

  { 

      M[i]=M[i-1]; 

      for(k=0;k<=i-2;k++) 

         M[i]=M[i]+M[k]*M[i-2-k]; 

      printf("\n M[%d] sayisi : %f",i,M[i]); 

   } 

 

      for(k=1;k<=(n-1);k++) 

     {  

          t=M[n+k+1]*M[n+k+1]*M[n+k+1]; 

          sonuc1=sonuc1+((n-k)/t); 

      } 

      printf("\n\n\n Toplam 1 = %1.8f",sonuc1); 

      getch(); 

} 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

p=2 için; 
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Tablo 5.7. 

 

n 

 

∑
−

= ++

−1

1 1

n

k
p

knM

kn
 

pM 4

1
 

2 0.01234568 0.01234568 

3 0.00491962 0.01234568 

4 0.00128699 0.01234568 

5 0.00027983 0.01234568 

6 0.00005435 0.01234568 

7 0.00000978 0.01234568 

8 0.00000166 0.01234568 

9 0.00000027 0.01234568 

10 0.00000004 0.01234568 

11 0.00000001 0.01234568 

12 0.00000000 0.01234568 

 

%X�GH÷HUOHUH�NDUúÕOÕN�JHOHQ�JUDILN�DúD÷ÕGDNL�JLELGLU� 
 

���H��� ���H��� ���H��� ���H��� ���H��� ���H��� ���H���
���H���

���H���

���H���

���H���

���H���

���H���

���H���

 

ùHNLO������ 
 

 

 

 

p=3 için; 
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Tablo 5.8. 

 

n 

 

∑
−

= ++

−1

1 1

n

k
p

knM

kn
 

pM 4

1
 

2 0.00137174 0.00137174 

3 0.00022350 0.00137174 

4 0.00002362 0.00137174 

5 0.00000205 0.00137174 

6 0.00000016 0.00137174 

7 0.00000001 0.00137174 

8 0.00000000 0.00137174 

 

%X�GH÷HUOHUH�NDUúÕOÕN�JHOHQ�JUDILN�DúD÷ÕGDNL�JLELGLU� 
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%X� oDOÕúPDGD� bAx = � VLQJ�OHU� OLQHHU� GHQNOHP� VLVWHPLQLQ� úDUW� VD\ÕVÕ�
DAAA =)(κ �KHVDEÕQGDQ�\ROD�oÕNÕODUDN�|QFH�A matrisinin singüler circulant matris 

ROPDVÕ�GXUXPXQGD��(3�PDWULVL�ROGX÷X�J|VWHULOPLúWLU��%XQD�ED÷OÕ�RODUDN 

n

ji
nij

n
A

1,
),mod(

=








−

=  

úHNOLQGH� WDQÕPODQDQ� FLUFXODQW� PDWULVLQ� QRUPX� YH� EX� PDWULVLQ� JUXS� WHUVLQLQ� QRUPX�
LQFHOHQPLúWLU�� 'L÷HU� \DQGDQ� ED]Õ� PDWULVOHULQ� +DGDPDUG� WHUVOHULQLQ� QRUPODUÕ�
LQFHOHQPLúWLU�� øON� RODUDN� &DWDODQ� YH� 0RW]NLQ� VD\ÕODUÕQD� ED÷OÕ� WDQÕPODQDQ� +DQNHO�
matrislerinin Hadamard terslerinin p" � QRUPODUÕ� LoLQ� )( pζ  Riemann zeta 

IRQNVL\RQXQD� ED÷OÕ� �VW� VÕQÕUODU� HOGH� HGLOPLúWLU�� $\UÕFD� EX� VD\ÕODUOD� WDQÕPODQDQ�
circulant matrisin Hadamard tersinin p" �QRUPX�EXOXQPXúWXU��'DKD�VRQUD�LVH�&DWDODQ�
VD\ÕODUÕQD� ED÷OÕ� WDQÕPODQDQ� FLUFXODQW� PDWULVLQ� +DGDPDUG� � WHUVLQLQ� VSHNWUDO� QRUPX�
LQFHOHQPLúWLU�� 

<DSPÕú�ROGX÷XPX]�EX�oDOÕúPD\D�ED÷OÕ�RODUDN�EDúND�(3�PDWULVOHULQLQ�YDUOÕ÷Õ�
ve matULVOHULQ�+DGDPDUG�WHUVOHUL\OH�LOJLOL�oDOÕúPDODUÕPÕ]�GHYDP�HWPHNWHGLU� 
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