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ABSTRACT

DESIGN AND ANALYSIS OF FINITE ARRAYS OF
CIRCUMFERENTIALLY ORIENTED PRINTED

DIPOLES ON ELECTRICALLY LARGE COATED
CYLINDERS

Barış Güner

M.S. in Electrical and Electronics Engineering

Supervisor: Assist. Prof. Dr. Vakur B. Ertürk

August, 2004

Conformal antennas and arrays are used in a wide range of applications includ-

ing mobile communication systems, missiles, aircrafts and spacecrafts. In these

applications, the conformality is required for aesthetic and aerodynamic con-

straints and reducing the radar cross-section. Antennas and arrays conformal to

the cylindrical host bodies are particularly important since cylindrical geometry

can be used to approximate most of the practical problems and it is a canonical

geometry. However, the available design and analysis tools for antennas/arrays

conformal to cylindrical host bodies are either approximate methods or restricted

to small arrays. Recently, a hybrid method based on Method of Moments (MoM)

combined with a Green’s function in space domain is proposed to solve the afore-

mentioned problem. In this work this method is used to analyze finite, phased

arrays of circumferentially oriented printed dipoles conformal to the dielectric

coated electrically large circular cylinders. The accuracy and efficiency of the

method comes from the computation of the appropriate Green’s function which

is the kernel of the electric field integral equation to be solved via MoM. There

are three different high-frequency based representations for the Green’s function

in the spatial domain which are valid in different but overlapping regions: Planar

representation, steepest descent path (SDP) representation and the Fourier Series

(FS) representation. These different representations are used interchangeably to

obtain the most accurate solution that requires the least amount of computational

time. Several modifications on the method are made in this work to increase the

efficiency and accuracy of the solution. The effects of the array and host body

parameters on the performance of the array are presented. The results are com-

pared with a previously published spectral domain solution to show the accuracy
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of the method. Also, performance comparisons with those of the cylindrical ar-

rays of axially oriented dipoles and planar arrays are made to observe the effects

of curvature and the dipole orientation on the performance of the array.

Keywords: Conformal phased arrays, Method of moments, Green’s function,

Coated cylinders.
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ELEKTRİKSEL OLARAK BÜYÜK DİELEKTRİK
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Tez Yöneticisi: Yard. Doç. Dr. Vakur B. Ertürk
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Konformal antenler ve anten dizileri mobil iletişim sistemleri, füzeler, uçaklar

ve uzay mekikleri gibi çeşitli uygulama alanlarında kullanılmaktadır. Bu uygu-

lamalarda, estetik ve aerodinamik koşulların yerine getirilmesi ve radar kesit

alanının düşürülmesi gibi amaçlarla konformal anten ve anten dizilerine ihtiyaç

vardır. Silindirsel yüzeyler üzerindeki antenler ve anten dizileri pratikteki çoğu

eğimli yüzeyin silindir olarak ifade edilebilmesi ve de silindir geometrisinin doğal

(kanonik) bir geometri olması nedeniyle özel bir öneme sahiptir. Öte yan-

dan, silindir yüzeyine monte edilmiş olan anten ve anten dizileri için mevcut

olan tasarım ve analiz metodları ya yaklaşık tekniklerdir ya da küçük anten

dizileri için geçerlidir. Buna karşılık kısa zaman önce bahsedilen problemleri

çözmek üzere Momentler Metodunu (MoM) uzamsal bölgedeki Green fonksiy-

onu ile birleştiren karma bir metod öne sürülmüştür. Bu tezde sözü edilen

karma MoM/uzamsal bölgedeki Green fonksiyonu metodu kullanılarak dielek-

trik kaplı dairesel silindirler üzerindeki faz dizilimli baskı dipolleri incelenmek-

tedir. Bu metodun etkinliği ve doğruluğu momentler metoduyla çözülen in-

tegral denkleminin çekirdeğini oluşturan Green fonksiyonunun hesaplanmasına

bağlıdır. Green fonksiyonunun uzamsal bölgede değişik ama kesişen bölgelerde

geçerli olan üç değişik yüksek frekans tabanlı gösterimi mevcuttur: Düzlemsel

gösterim, en dik eğimli yol (SDP) gösterimi ve Fourier Serisi (FS) gösterimi. Bu

değişik gösterimler en doğru ve en etkin çözümü elde etmek amacıyla değişmeli

olarak kullanılmaktadır. Bu çalışmada çözümün daha doğru ve etkin olması

amacıyla metod üzerinde çeşitli iyileştirmeler yapılmıştır. Anten dizisinin ve

üzerine monte edildiği yapının çeşitli parametrelerinin değişmesiyle sistem per-

formansının değişimine bakılmıştır. Sonuçlar daha önce yayınlanan bir spektral
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bölge methoduyla karşılaştırılarak metodun doğruluğu gösterilmiştir. Ayrıca, ek-

sen doğrultusunda uzanan dipol anten dizileri ve düzlemsel anten dizileriyle per-

formans karşılaştırması yapılarak kavisin ve dipol doğrultusunun anten dizisinin

performansı üzerindeki etkisi incelenmiştir.

Anahtar sözcükler : Konformal faz dizilimli antenler, Momentler metodu, Green

fonksiyonu, Dielektrik kaplı silindirler.
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Chapter 1

Introduction

In the design of antennas, in addition to the the electromagnetic considerations,

aerodynamic, hydrodynamic constraints as well as aesthetic worries should all be

taken into account. These considerations lead to the development of conformal

antennas which are defined as antennas that conform to arbitrarily-shaped host

bodies. Although an arbitrarily-shaped host body term may also include a flat

surface, in general the host body is assumed to be non-planar and the term

“conformal” is not used for antennas on planar platforms.

Conformal antennas are used extensively in both military and civilian appli-

cations. In military applications, which include radars and shipborne, airborne

and missileborne antennas, the conformality is required to reduce the radar cross

section of the system, to obtain a wider scan range and to satisfy the hydro-

dynamic or the aerodynamic constraints. Due to the difficulties in the design

and analysis of conformal antennas, most of the initial research on this field were

made for military applications. However, with the emergence of powerful comput-

ers, the civilian antenna designers began to take notice of them as well. Among

their other advantages, conformal antennas/arrays provide a better aesthetic look

on devices which is particularly important in commercial systems. Today, they

are used in a variety of civilian applications like space division multiple access

(SDMA) systems, multi input multi output (MIMO) transmission links, commer-

cial ships, aircrafts and satellites, mobile communication systems and biomedical

1



CHAPTER 1. INTRODUCTION 2

applications. Most of the conformal arrays are designed as phased arrays ([1]-

[4]). Therefore, additional advantages coming from the flexible pattern synthesis

of the phased arrays like high beamwidth, low sidelobe levels and elimination of

the interfering signals are also obtained.

In the design and analysis of conformal antennas/arrays, cylindrical host body

geometry has always been the subject of interest due to the fact that most prac-

tical geometries can be approximated as a cylindrical geometry. Furthermore, it

acts as a canonical geometry useful toward the development of design and analy-

sis tools for antennas/arrays on arbitrarily convex smooth platforms. Studies on

antennas/arrays conformal to cylindrical surfaces date back to as early as 1940’s.

However, the real interest on them arose around 1970’s. In [5] the mutual coupling

between antennas on an array of infinitely long longitudinal slots equispaced on a

conducting cylinder was found. The eigenexcitation of a single antenna, which is

equal to the eigenvalues of the scattering matrix, was calculated using the sym-

metry of the structure and then superposition principle was applied to obtain the

general result. Then, the expressions for the radiation pattern and the coupling

coefficients were derived. In [6], an asymptotic expression was derived to find

the mutual impedance between rectangular slots on large conducting cylinders.

The Geometrical Theory of Diffraction (GTD) was used to analyze the mutual

coupling for arrays on a circular conducting cylinder as well as surfaces of variable

curvature in [7]. This technique was applied to full-ring arrays and finite arrays

of circular cylinders. At the same year in [8] the theory along with a computer

program were developed to find the far-field pattern of a conformal array on a

general conducting surface including the cross-polarization component if it exists.

This was probably the first analysis tool developed for the conformal arrays in

the literature. It could solve problems for arrays with upto 1000 elements, and

the results were presented for arrays on circular cylinders, circular arcs, cones

and planes.

One common property of all these initial researches on arrays conformal to

the cylindrical surfaces is that they are made for conducting cylinders without a

material coating. Investigations of arrays on material coated cylinders were gen-

erally approximated with an array on a grounded planar dielectric slab during
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this period. In this work, conformal phased arrays of printed dipoles (in particu-

lar, circumferentially oriented ones) on material coated, electrically large circular

cylinders have been analyzed. The lack of efficient and accurate design and anal-

ysis tools for this type of antennas/arrays still remains as a problem today, which

provides the primary motivation for this work. Other than the printed structures

on grounded planar dielectric slabs, majority of the reported studies on this topic

can be cast into three categories:

• Approximate Models

– Generalized Transmission Line Model (GTLM)

– Cavity Model

• Pure Numerical Methods

– Finite Element Method (FEM)

– Finite Domain Time Domain Method (FDTD)

• Hybrid techniques

– Finite Element- Boundary Integral (FE-BI) Method

– Hybrid Method of Moments (MOM)/Green’s Function Method in the

Spectral Domain

– Hybrid MoM/Green’s Function Method in the Spatial Domain

Generalized transmission line model (GTLM) and cavity model are the most

popular approximate models used in the design and analysis of printed geome-

tries on coated circular cylinders. They are fairly simple and accurate only for

a limited number of cases. However, if the thickness of the substrate is not

very thin and/or mutual coupling among the array elements are required, then

these methods are not suitable. GTLM is applied in [9] to analyze the probe-fed

cylindrical-rectangular microstrip antennas by Wong et al.. Later in [10], they

analyzed cylindrical-rectangular microstrip antennas with microstrip feedline or

slot coupling where the microstrip antenna was approximated with an equivalent
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circuit which was, in turn, used to calculate the input impedance of the antenna.

In [11] the electromagnetic cavity solution was applied to find the resonance fre-

quencies for a cylindrical-rectangular microstrip patch antenna and compared

with the results for the planar rectangular patch antenna. It was found in this

work that to use planar results is reasonable when the thickness of the dielec-

tric substrate is small compared to the curvature. This method was expanded

in [12]-[13] and used to make a complete analysis of conformal arrays. However,

both the GTLM and the cavity method were not very accurate to be used in

applications where the precision of the results obtained from the design process

was a priority. Furthermore, GTLM could only be applied to the antennas/arrays

with thin substrates.

Pure numerical methods like Finite Difference Time Domain Method (FDTD)

and Finite Element Method (FEM) are also used to analyze antennas/arrays con-

formal to material coated circular cylinders. In [14], far-field patterns of confor-

mal patch antennas were computed using a conformal FDTD method and non-

uniform mesh. The radiation patterns of microstrip patch antennas mounted on

cylindrical surfaces of arbitrary cross-sections were calculated in [15], where the

magnetic currents on the microstrip patch antennas were obtained using FEM,

and MoM together with the reciprocity theorem were used to find the far-field

pattern. However, these pure numerical methods are not suitable for electrically

large problems due to the computational time and storage requirements since a

fixed number of unknowns per unit electrical surface area (λ2; λ=wavelength) or

volume (λ3) should be placed.

In hybrid techniques, several methods are combined together. Exam-

ples of the hybrid techniques include finite element-boundary integral (FE-BI)

method, hybrid MoM/Green’s function method in the spectral domain and hy-

brid MoM/Green’s function method in the spatial domain. In [16], the FE-BI

formulation was used for the analysis of scattering by cavity backed antennas

on circular cylinders. It was shown that both curvature and cavity size affect

the radar cross-section of the antenna. In [17], the impedance characteristics of

microstrip patch antenna arrays mounted on planar and cylindrical surfaces were

analyzed. Liu et al. ([18]) used the higher order FEM along with the boundary
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integral to find the radiation pattern and mutual coupling of conformal antennas.

One disadvantage of the FE-BI method is the efficiency problems encountered for

thick or multilayered substrates.

In the hybrid MoM/Green’s function techniques (both spectral and space do-

mains), the appropriate Green’s function contains the geometrical and electrical

properties of the host body. Therefore the unkowns are only the currents on the

radiating elements. Among these two methods, the hybrid MoM/Green’s func-

tion method in the spectral domain has been the more widely used one due to

its simplicity ([19]-[22]). In [19], MoM was used to obtain the input impedance

of printed circuit dipoles on electrically small, dielectric coated circular cylinders.

The far-field pattern was then found using a steepest descent path method. In

1986, a spectral domain solution was proposed to find the near fields and the in-

put impedance of printed antennas on cylindrical substrates ([20]). In this work

a MoM formulation that is based on the spectral representation of the Green’s

function of coated circular cylinder was used to find the unknown currents on

the antennas. In [21] resonance frequencies for the cylindrical-rectangular and

wraparound patches were computed using two different approaches: A vector in-

tegral equation formulation in spectral domain which was solved using Galerkin’s

method and a perturbation approach. Then in [22], the vector integral equa-

tion formulation was used in spectral domain to calculate the input impedance

and radiation patterns for both the cylindrical-rectangular and wrap-around el-

ements. The cylindrical microstrip antennas were excited by a probe and the

vector integral equation was solved using the Method of Moments. Also a single

mode approximation was employed for thin substrates. Spectral domain solution

is accurate and does not have singularity problems. However, it is computation-

ally inefficient compared to other methods and has convergence problems when

the radius of the cylinder or the separation between the source and observation

points is large. Although there have been attempts to improve the spectral do-

main solution by using suitable basis functions, these problems persisted. One

other limitation is the spectral domain representation of the Green’s function is

not available for every arbitrary host body geometry which arises the need for

more general and complete solutions.
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Recently, an efficient and accurate method combining the Method of Mo-

ments with a Green’s function in space domain was presented to analyze the

conformal antennas/arrays on material coated circular cylinders ([23]-[25]). Us-

ing this method, which is a hybrid one combining the Method of Moments with

a special Green’s function in the space domain, finite phased arrays of axially di-

rected printed dipoles on electrically large coated cylinders were analyzed ([26]),

which is an extension of the work presented in [27]. The same approach was

then applied to the analysis of finite phased arrays of circumferentially oriented

printed dipoles on the aforementioned cylinders ([28]). In this work, as mentioned

before, a complete study of cylindrical arrays of circumferentially oriented printed

dipoles are performed. [28] forms a basis towards the more in-depth analysis in

this work. The results are also compared with those of the cylindrical arrays of

axially oriented printed dipoles and planar arrays ([27]).

In the hybrid MoM/Green’s function technique ([23]) that is used here, an

electric field integral equation (EFIE) is formed such that the tangential com-

ponent of the electric field vanishes over the dipole surface. Then, the currents

on the dipole surfaces are expanded using N basis functions, where N is an inte-

ger. Using N weighting functions which are the same with the basis functions (a

Galerkin MoM approach), the integral equation is converted into a matrix equa-

tion whose order is N. The N coefficients for the expansion of the currents are

found by solving this matrix equation.

The kernel of the EFIE that is used to form the MoM matrix is the appro-

priate Green’s function. Hence, the efficiency of the method relies heavily on

the computation of the Green’s function, three different high frequency based

asymptotic representations for the Green’s function, all of which are valid in dif-

ferent but overlapping regions, are developed and used interchangeably to make

the computations in the most accurate and efficient way.

The first representation is the planar representation of the Green’s function.

If the separation between the source and observation points is small, an electri-

cally large cylinder can be considered as locally flat. Hence, for the self-term
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evaluations of the impedance matrix in the Method of Moments the planar ap-

proximation is used ([27], [29]). The second representation is the Steepest Descent

Path (SDP) representation of the Green’s function ([23]-[24]). In this represen-

tation, the circumferentially propagating series representation of the appropriate

Green’s function is obtained from its radially propagating counterpart using the

Watson’s transform. Then, it is evaluated along the SDP on which the integrand

decays most rapidly, and from which the representation takes its name. The

SDP representation is fast and accurate in the off-paraxial region (away from the

axis of the cylinder). In particular, in the limiting case of large separations, this

method reduces to the saddle point integration considered in [30]. Furthermore,

its accuracy improves as the separation between the source and the observation

points increases. The final representation is the Fourier Series Representation

of the Green’s function ([23], [25]) which is used in the paraxial (nearly axial)

region and which complements the SDP representation. This representation ac-

tually works for all regions for the cylindrical arrays of circumferentially oriented

dipoles when the separation between the source and observation points is rela-

tively small, but it loses its accuracy when the separation gets larger for certain

range of angles. However, it is very fast and accurate along the paraxial re-

gion. In this method, using the periodicity of the circumferentially propagating

series representation of the Green’s function a Fourier Series representation for

the Green’s function is obtained where taking at most the first two terms of the

Fourier Series gives highly accurate results.

The organization of this thesis is as follows. In chapter 2, the theoretical

foundation of the thesis is given. Method of Moments (MoM) that is used to find

the currents on the dipoles is explained. Then, the switching algorithm between

different Green’s function representations is described. Finally different high fre-

quency based asymptotic representations for the appropriate Green’s function are

given for the Gφφ and Gzz components, along with certain modifications made on

the theory of SDP representation. In chapter 3, the array concepts are explained.

A brief explanation of phased arrays is given in this chapter. The performance

metrics used to evaluate the array performance like reflection coefficient and in-

put impedance, as well as scan blindness phenomenon are defined. The numerical
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results in the form of currents over elements, reflection versus element position,

reflection versus scan angle and far-field pattern are given in chapter 4 for various

finite (phased) arrays of circumferentially oriented dipoles on different, electrically

large, coated cylinders. Effects of curvature and host body parameters on the sys-

tem performance metrics are observed. A comparison with the spectral-domain

method is made to assess the accuracy of the solution for relatively small arrays.

The performance metrics of the investigated arrays are also compared with those

of finite (phased) arrays of axially oriented dipoles and planar arrays. Chapter 5

concludes this thesis and briefly explains what it brings to the scene. There are

also two appendices. In Appendix A, the Fourier Series (FS) representation of the

Gzz component of the Green’s function is found. Also, the analytical evaluation

of the integrals with variable ψ in the FS representation is given. Appendix B

gives the approximations for the special functions used in the definition of the

Green’s function. IEEE convention is assumed in this thesis such that vectors

are denoted with bold-face while matrices are bold-faced and overlined. An ejwt

time dependence is assumed and suppressed throughout this work.



Chapter 2

Hybrid MoM/Green’s Function

Method

2.1 Introduction

This chapter presents an overview of the hybrid MoM/Green’s function method in

the spatial-domain. Section 2.2 explains the Method of Moments (MoM) briefly.

In the MoM solution a matrix equation is formed from an electric field integral

equation (EFIE) to find the unknown currents on the dipoles. The kernel of

the EFIE is the appropriate Green’s function which possesses the electrical and

geometrical properties of the host platform. In this work, different high frequency

based Green’s function representations are used interchangeably in the EFIE to

obtain the most accurate and efficient solution. The switching algorithm between

these different representations of Green’s functions for both cylindrical arrays

of circumferentially oriented dipoles and cylindrical arrays of axially oriented

dipoles are discussed in 2.2.1. In 2.3, the spectral-domain formulation for the

evaluation of surface fields on a coated cylinder is described. The spectral domain

solution is a well-known solution in the literature ([23], [32]), and is based on

expressing the integral equations, which will be solved via MoM, over a spectrum

of plane waves instead of the region of space on which the basis and expansion

9
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functions occupy. However, Green’s functions in the spectral domain are not

convergent for electrically large cylinders and when the separation between the

source and observation points are electrically large. This necessitate the need for

more accurate and efficient solutions. The Steepest Descent Path representation

of the Green’s function which is explained in 2.4 provides an alternative in the

off-paraxial region (the region away from the axis of the cylinder). The evaluation

of the integrals for the SDP representation is explained in section 2.5. In section

2.6, a detailed pole analysis for the Green’s function representations is performed

to develop a new numerical approach for the evaluation of the integrals used in

the SDP representation of the Green’s function ([36]). Finally, in 2.7 another

representation of the Green’s function which is valid along the paraxial region,

the Fourier Series representation, is described. A Fourier Series representation

that works in the off-paraxial region is also given for the Gφφ component of the

Green’s function in 2.7.2.

2.2 The Moment Method Solution

Assume a finite, periodic array of (2N+1)x(2M+1) identical printed dipoles

mounted on the outer surface of a dielectric coated circular cylinder as shown

in Figure 2.1 for an array of axially oriented dipoles, or Figure 2.2 for an array

of circumferentially oriented dipoles. The inner radius of the cylinder is denoted

by a, the outer radius of the cylinder is denoted by d and hence, the thickness

of the dielectric coating is th = (d− a). The cylinder is assumed to be infinitely

long in the axial (z) direction, and the relative dielectric constant of the dielectric

coating is εr > 1. The center-to-center distance between the dipoles in the axial

direction is equal to dz and in the circumferential direction it is equal to drl. The

dimensions of the dipoles are za in the axial direction and rla in the circumferen-

tial direction. The dipoles are center-fed and their generators are assumed to be

infinitesimal. The equivalent circuit for each dipole is shown in Figure 2.1.

An electric field integral equation (EFIE) can be obtained by applying the

boundary condition of zero tangential electric field on the surface of the dipoles
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for this geometry ([23]-[28]). To do this, the total electric field is written as a sum

of incident (Ei(r)) and scattered (Es(r)) fields in the presence of the scatterer (a

dielectric coated PEC cylinder in this case) as follows:

E(r) = Ei(r) + Es(r) (2.1)

The expressions for the incident and scattered electric fields are given by

Ei(r) =
∫ ∫

Ssource

G(r/r′).Ji(r′)ds′ (2.2)

and

Es(r) =
∫ ∫

Sdipole

G(r/r′).Js(r′)ds′ (2.3)

where Ji(r′) is the known incident current distribution and Js(r′) is the unknown

current that will be found. Applying the aforementioned boundary condition on

the dipole surface one can get:

∫ ∫

Sdipole

G(r/r′).Js(r′)ds′ = −
∫ ∫

Ssource

G(r/r′).Ji(r′)ds′ (2.4)

The unknown current distribution Js(r′) on the nmth (−N ≤ n ≤ N,−M ≤
m ≤ M) dipole can be expanded as a multiplication of an unknown current

coefficient Anm and a piecewise sinusoidal (PWS) basis function. A single expan-

sion mode provides the necessary accuracy for this work. Assuming the dipoles

are oriented either in the circumferential direction or in the axial direction, the

expression for the current on the dipoles become
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Figure 2.1: Finite (phased) array of axially oriented printed dipoles on a material
coated circular cylinder, and the equivalent circuit for each dipole.

Js
nm(z′, r′l) = Anmfnm =





Anm
sin[ka(rla−|rl′−ndrl|)]

2zasin(karla)
for φ-directed elements

Anm
sin[ka(za−|z′−ndz |)]

2rlasin(kaza)
for z-directed elements

(2.5)

where the wave number ka of the expansion mode can be written in terms of

the free-space wave number k0 and the dielectric constant of the coating of the

cylinder εr as

ka = k0

√
(εr + 1)

2
. (2.6)

Using the Galerkin’s MoM solution in which the basis and weighting functions are
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Figure 2.2: Finite (phased) array of circumferentially oriented printed dipoles on
a material coated circular cylinder.

chosen to be identical (i.e. they are taken as in (2.5)), equation (2.4) is converted

to a matrix equation given by

([Z] + [ZT]) I = V. (2.7)

Here [ZT] is the generator terminating impedance matrix which is a diagonal

matrix. In this work, the forced excitation case is inspected where [ZT] = 0
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but the method can also handle the free excitation case where [ZT] 6= 0. The

elements of the impedance matrix [Z] are given by

Znm,pq =
∫

Spq

dspqfpq(rpq)
(∫

Snm

ds′nmGlu(rpq/r
′
nm)fnm(r′nm)

)
(2.8)

which is equal to the mutual coupling between the pqth and the nmth (−N ≤
p, n ≤ N, −M ≤ q, m ≤ M) elements if pq 6= nm, or the self-term if pq = nm.

Glu is the appropriate component of the Green’s function. For cylindrical ar-

rays of circumferentially oriented dipoles, which is the main focus of this thesis,

the Gφφ component of the Green’s function is necessary to obtain the coupling

between two φ-directed dipoles. Similarly, for a cylindrical array of axially ori-

ented dipoles whose performance is compared with that of the cylindrical array

of circumferentially oriented dipoles, the Gzz component of the Green’s function

is needed. Other components of the Green’s function are not used and hence they

are not mentioned in this thesis. The Green’s function is the kernel of the inte-

gral equation that gives the coupling, hence the accuracy and the efficiency of the

method depends on the evaluation of the Green’s function representation. Dif-

ferent Green’s function representations are used interchangeably to achieve this

goal. The switching algorithm between different Green’s function representations

are presented in 2.2.1.

The elements of the voltage vector are given by the following equation:

Vpq = −
∫ ∫

Spq

dspqf(rpq).E
i(rpq) (2.9)

Here, the incident electric field Ei can be selected according to the needs of the

application. In this work the elements of the array are excited to form a scanning

array such that the maximum radiation is in the (θi, φi) scan direction as follows:

Vpq = e−jk0sinθidcos(φi−p∆φ)e−jk0cosθiqdz . (2.10)

Finally, the current matrix [I] has the unknown current coefficients (Anm)
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as its elements which are found by solving the matrix equation. The Toeplitz

property of the matrix [Z] is used to reduce the computational time and LU-

decomposition method is applied in the solution.

2.2.1 Switching Algorithms

Three different Green’s function representations in the spatial domain are used

interchangeably in this thesis. These Green’s function representations are valid

in different but overlapping regions of the coated cylinder surface. As previously

mentioned, the accuracy and efficiency of this hybrid method relies on using the

computationally optimum Green’s function representation available throughout

the whole solution region.

Paraxial Region

PEC

Source Region

s

Region
Off-paraxial

Q

α
Q’

z

x

y

d
a

Figure 2.3: The regions where different representations of the Green’s function
are used for cylindrical arrays of z-directed printed dipoles.

The first representation is the planar representation which is used for the self-

term evaluations in the source region as illustrated in Figures 2.3 and 2.4. It

is based on an efficient integral representation of the planar microstrip dyadic
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Paraxial Region

PEC

Source Region

s

Region
Off-paraxial

Q

Q’

α

z

x

y

d
a

Figure 2.4: The regions where different representations of the Green’s function
are used for cylindrical arrays of φ-directed printed dipoles.

Green’s function ([27], [29]). It is implemented under the assumption that for an

electrically large coated cylinder small separations can be considered as locally

flat. The second one is the steepest descent path (SDP) representation of the

Green’s function ([23]-[24]) which is explained in section 2.4. Briefly, this repre-

sentation is valid at the off-paraxial region and is based on evaluating the circum-

ferentially propagating series representation of the appropriate Green’s function

efficiently along an SDP on which the integrand decays most rapidly. The final

representation is the Fourier series (FS) representation of the Green’s function

([23], [25]) and is explained in detail in 2.7. Briefly, in this representation, the

Green’s function components are expanded into Fourier Series using their peri-

odicity in one of their variables. FS representation is valid at the off-paraxial

region as well for the Gφφ component, though its accuracy gets worse for large

separation at certain range of angles between the ray path and the circumferen-

tial axis (i.e. certain α values as depicted in Figure 2.3 and Figure 2.4) . On the

other hand, for the Gzz component of the Green’s function the FS representation

is only available for the paraxial region.
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Since FS representation, available for the off-paraxial region for the Gφφ com-

ponent of the Green’s function, is very efficient and accurate especially for small

separations between the source and the observation points, different switching

algorithms for the cylindrical arrays of axially oriented printed dipoles and cylin-

drical arrays of circumferentially oriented printed dipoles are used as shown in the

Figures 2.3 and 2.4, respectively. The switching algorithm for the Gφφ component

of the Green’s function for (th = 0.06λ0, εr = 3.25) can be written as follows:

Gφφ =





Planar Representation For self-term evaluations

FS Representation If α ≥ 65◦ or if s < 2.3λ0 for α < 65◦

SDP Representation Else

(2.11)

It can be seen from these figures that the SDP representation is still used for

large separations between the source and observation points in the off-paraxial

region for cylindrical arrays of circumferentially oriented dipoles. The reason

for this is that SDP representation tends to get more efficient and accurate as

the separation increases as explained in section 2.4. Also it should be noted

that the regions where these representations are accurate may change with the

change of array and host body parameters. For example, as the thickness of the

dielectric substrate decreases, SDP representation becomes valid in a larger region

while the region where the FS representation is valid gets smaller. However, the

change of the radius of the cylinder does not affect the regions where different

representations remain accurate much. The switching algorithm for the Gφφ

component of the Green’s function for (th = 0.02λ0, εr = 3.25) is
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Gφφ =





Planar Representation For self-term evaluations

FS Representation If α ≥ 60◦, if s < 1.5λ0 for 60◦ > α ≥ 40◦

or s < 0.8λ0 for α < 40◦

SDP Representation Else

(2.12)

2.3 Formulation of the Surface Fields on a Large

Coated Cylinder in Spectral Domain

The cylindrical Fourier transform F (n, kz) of a function f(φ, z) is defined as ([32]-

[33])

F̃ (n, kz) =
1

2π

∫ 2π

0

∫ ∞

−∞
f(φ, z)e−jkzze−jnφdzdφ (2.13)

and the inverse transform is given by

f(φ, z) =
1

2π

∞∑

−∞
ejnφ

{∫ ∞

−∞
F̃ (n, kz)e

jkzzdkz

}
. (2.14)

Assuming a tangential surface current located at ρ′ = d on a coated cylinder

J = Pe
δ(φ− φ′)δ(z-z ′)

ρ′
(2.15)

where Pe = P z
e ẑ + P φ

e φ̂, its cylindrical Fourier Transform using (2.13) is given by

J̃ =
Pe

2πd
ejkzz′ejnφ′ . (2.16)
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The electric field due to this generic current distribution is given by

El(φ, z) =
1

2π

∞∑

n=−∞
e−jn(φ−φ′)

∫ ∞

−∞
G̃lu(n, kz)P

u
e

2πd
ejk(z−z′)dkz (2.17)

where û (û = φ̂ or ẑ) represents the source direction and l̂ (l̂ = φ̂ or ẑ) repre-

sents the observation direction. G̃lu(n, kz) is the corresponding component of the

appropriate dyadic Green’s function in the spectral-domain. The components of

the appropriate Green’s function , which include the electrical and geometrical

properties of the coated cylinder are found by applying the boundary conditions.

Namely;

• The tangential components of the electric field are zero at the conductor

surface (ρ = a),

• The tangential components of the electric field are continuous at the air-

dielectric interface (ρ = d),

• The tangential components of the magnetic field are discontinuous by an

amount of J at the air-dielectric interface (ρ = d),

• Fields satisfy the radiation condition (i.e. fields vanish as ρ →∞).

Applying the boundary conditions, Gφφ and Gzz components of the Green’s

function are given ([23]) for the case where the source and observation points are

both at the air-dielectric interface of the coated cylinder (ρ = ρ′ = d) as follows:

G̃φφ(n, kz) =
jZ0

k0





[
k2

0kt0

k2
t1

]
RnCe

nTm

T
− kt0

RnT
2
c

(εr − 1)T
−

[
nkz

dkt1

]2
Ce

n − kt0Rn

T





(2.18)

and

G̃zz(n, kz) =
jZ0

k0

k2
t0

Te

T
(2.19)
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where kt0 is the transverse propagation constant in the free-space and kt1 is the

transverse propagation constant inside the dielectric, which are given by

k2
t0 = k2

0 − k2
z ; k0 = w

√
ε0µ0 (2.20)

k2
t1 = k2

1 − k2
z ; k1 = w

√
ε1µ1 (2.21)

The special functions used in equations (2.18) and (2.19) are defined in the

following equations:

T = TeTm − T 2
c (2.22)

Te = kt0Rn − k2
t0

k2
t1

Ce
n (2.23)

Tm = kt0Rn − εr
k2

t0

k2
t1

Cm
n (2.24)

Tc =
k0(εr − 1)

k2
t1

nkz

d
(2.25)

Rn =
H(2)′

n (kt0d)

H
(2)
n (kt0d)

(2.26)

Ce
n = kt1

J ′n(kt1a)Y ′
n(kt1d)− J ′n(kt1d)Y ′

n(kt1a)

J ′n(kt1a)Yn(kt1d)− Jn(kt1d)Y ′
n(kt1a)

(2.27)

Cm
n = kt1

Jn(kt1a)Y ′
n(kt1d)− J ′n(kt1d)Yn(kt1a)

Jn(kt1a)Yn(kt1d)− Jn(kt1d)Yn(kt1a)
. (2.28)

Here (′) denotes the derivative with respect to the argument of the functions.

The evaluation of these special functions are explained in Appendix B.
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A major problem with the spectral-domain (eigenfunction) representation of

the Green’s function is that it has convergence problems for electrically large

cylinders and large separations between the source and observation points. This

can be seen by looking at the limiting values of the Green’s function components

for large n and kz values. The results for the Gφφ and Gzz components of the

Green’s function are given as ([33]):

lim
n→∞Gφφ(n, kz) = C1 n (2.29)

lim
kz→∞

Gzz(n, kz) = C2 kz (2.30)

where C1 and C2 are constants. This numerical problem can be handled for

electrically small cylinders and small separations between source and observation

points by using carefully chosen basis functions which yield a spectral decay of 1
n2

or 1
k2

z
in a MoM based solution. However, the rate of convergence for the product

of Green’s function and basis functions is still slow (in particular, for electrically

large cylinders) which arises the need for more computationally efficient solutions.

2.4 Steepest Descent Path (SDP) Representa-

tion of the Green’s Function

This representation is based on the efficient numerical evaluation of a circum-

ferentially propagating series representation of the appropriate Green’s function

([23]-[24]). The numerical evaluation is performed along a steepest descent path

on which the integrands decay most rapidly.

To obtain the SDP representation, one first should apply the Watson’s trans-

form to the equation (2.17). The result is:
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El(φ, z) =
1

4π2d

∫ ∞

−∞
dkze

−jkz(z−z′)





∫ ∞−jε

−∞−jε
Glu(kz, ν)P u

e




∞∑

p=−∞
e−jν[(φ−φ′)−2πp]


 dν



 . (2.31)

The original integration contour C in the ν-domain that is used to evaluate this

integral ([23]-[24]) is C = C1+C2 as shown in Figure 2.5. However, the integration

contour is deformed towards the third quadrant to obtain the modified contour

C̃ = C̃1 + C2 for the faster convergence of the integrands with the assumption

that there are no branch cuts or poles in the third quadrant. In equation (2.31),

the electric field can be interpreted as a sum of infinite number of rays in the

circumferential direction. For an electrically large cylinder, in general the effect

of multiple wave encirclements is negligible since they lose their strength as they

travel on the surface of the cylinder. Therefore, taking only the term correspond-

ing to p = 0 is enough for most cases. The resulting expression for the electric

field is given by:

El(φ, z) =
1

4π2d

∫ ∞

−∞
dkze

−jkz(z−z′)
{∫ ∞−jε

−∞−jε
Glu(kz, ν)P u

e e−jν(φ−φ′)dν
}

. (2.32)

Note that for some cases the second ray contribution (which travels in the

opposite direction) is included as well. Performing a Fock’s type substitution and

employing the polar transformations which are given as:

ν = kt0d + mtτ (2.33)

where

mt =

(
kt0d

2

) 1
3

(2.34)
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Figure 2.5: Integration contour in the ν-domain

kz = k0sinψ (2.35)

kt0 = k0cosψ (2.36)

and using the geometrical relations, shown in Figure 2.6, given by

z − z′ = ssinα (2.37)

d(φ− φ′) = scosα (2.38)



CHAPTER 2. HYBRID MOM/GREEN’S FUNCTION METHOD 24

δ

d(φ−φ’)

th

d

P

s

α

z

y

x

P’

a

z-z’

PEC

Figure 2.6: The cylindrical geometry

with s being the arc length of the geodesic path on the surface of the coating

between source and observation points, and α being the angle between s and the

circumferential axis, the following expression for the electric field is obtained:

El(α, s) ≈ 1

4π2d

∫

CΨ

dψk0cosψe−jk0ssinψsinα
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(∫

Cτ

Glu(ψ, τ)P u
e e−jk0scosψcosαe−jmtτ(φ−φ′)mtdτ

)
. (2.39)

The integration in the contour CΨ can be transformed into an integration in the

steepest descent path where the integrand decays most rapidly as described in

[23]. The result is given by

El(α, s) ≈
√

2e−j3π/4

4π2d

e−jk0s

√
k0s

∫ ∞

−∞
dte

−t2F̃ (α, s, t) (2.40)

where

F̃ (α, s, t) =
k0cosψ(t)

cos
(

α−ψ(t)
2

)
∫

Cτ (t)
Glu(τ, t)P

u
e mte

−jξτdτ (2.41)

ψ(t) = α− 2arcsin

(
tejπ/4

√
2
√

k0s

)
(2.42)

and

ξ = mt(φ− φ′). (2.43)

In (2.40) and (2.41), l = u and Glu = Gφφ or Gzz given by (2.18) and (2.19)

with n is replaced by ν which is related to τ by (2.33). The rate of convergence

of the resulting expression is much faster than that of the spectral-domain repre-

sentation. Also, when the separation between the source and observation points

is large, the only contribution on the SDP path comes from the saddle point.

Hence, the evaluation of the integration gets even faster for large s values. In

the limiting case (when only the saddle point integration is required), the SDP

method recovers the UTD-based surface fields due to a tangential surface current

given by equation (2.15). However, in the paraxial region the SDP representa-

tion fails due to the Fock-type substitution given by equation (2.33). Therefore,

another representation is needed for the evaluation of the surface fields in the

paraxial region, which is explained in detail in 2.7.
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2.5 Numerical evaluation of the Integrals for the

SDP Representation

The surface wave expressions given by (2.40) and (2.41) have two integrals in the

t and τ domains that have to be evaluated numerically in most cases. However,

evaluation of these integrals introduce some numerical problems which will be

discussed in this section. In the t domain, the integration is performed using a

Gauss-Hermit Quadrature algorithm, whereas in the τ domain, Filon’s algorithm

is used in conjunction with a Gaussian Quadrature integration algorithm, and

a proper tail is added when necessary. Furthermore, the contour of integration

in the τ domain is dependent upon the value of t. Therefore, the outer integral

is the t-domain integral. In other words, for each t value a new contour Cτ (t)

should be defined and the τ -domain integral should be evaluated on this Cτ (t)

contour.

2.5.1 Integration in the t-domain: Gauss-Hermit Quadra-

ture Algorithm

The integration in the t-domain is evaluated using the Gauss-Hermite Integration

Algorithm ([23]) which is described by the following equation:

∫ ∞

−∞
e−x2

f(x)dx =
N∑

j=1

wjf(xj). (2.44)

In equation (2.44), xj are the roots of the Hermite polynomials Hj which are

given by the iterative formula ([34])

Hj+1 = 2xHj − 2jHj−1 (2.45)

where H0(x) = 1, H1(x) = 2x and rest of the Hermite polynomials can be found

by iteration from the equation (2.45). The weights wj are found using ([34])
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wj =
2

(
√

2jH̃j−1)2
(2.46)

where H̃j is an orthonormal polynomial slightly different than Hj, and H̃j can be

found using the recursion relation ([34])

H̃j+1 = x

√
2

j + 1
H̃j −

√
j

j + 1
H̃j−1. (2.47)

Here H̃−1 = 0 and H̃0 = 1
π1/4 ([34]). By substituting these results in equations

(2.40) and (2.41), the tangential components of the electric fields are found as:

Eφ(α, s) ≈
√

2e−j3π/4

4π2d

e−jk0s

√
k0s

Q∑

q=1

wq
k0cosψ(tq)mt

cos(α−ψ(tq)
2

)

[∫

Cτ(tq)

(Gφφ(τ, tq)P
φ
e + Gφz(τ, tq)P

z
e )e−jξτdτ

]
(2.48)

Ez(α, s) ≈
√

2e−j3π/4

4π2d

e−jk0s

√
k0s

Q∑

q=1

wq
k0cosψ(tq)mt

cos(α−ψ(tq)
2

)

[∫

Cτ(tq)

(Gzφ(τ, tq)P
φ
e + Gzz(τ, tq)P

z
e )e−jξτdτ

]
(2.49)

In the case when Q = 1, the only contribution comes from the saddle point.

As mentioned above, the integration contour in the τ domain depends on the

value of t, hence it changes for different tq values. This is illustrated in Figure

2.7 for a 3-point Gaussian-Hermite algorithm.
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Figure 2.7: Integration contours along the SDP and in the τ -domain
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2.5.2 Integration in the τ -domain and the Tail Contribu-

tions

The integration in the τ -domain is highly oscillatory. Filon’s algorithm is used

to handle this oscillatory nature along with a Gaussian-quadrature algorithm to

evaluate the integrals. Also, the limiting values of the Green’s function compo-

nents Gφφ and Gzz as τ →∞ are not absolutely convergent ([23]) as seen in the

equations (2.50)-(2.51). This necessitates the use of a tail integration, which is

obtained making use of the limiting values of Gzz and Gφφ for large τ values given

by ([23])

lim
τ→∞Gzz(tq, τ) =

B1

τ
(2.50)

lim
τ→∞Gφφ(tq, τ) = B2τ + B3 (2.51)

where B1, B2 and B3 are constants whose values are given in ([23]). For the Gzz

component of the Green’s function, the integral with respect to τ can be written

as ([23])

I1 = C1

∫

Cτ (tq)
Gzz(tq, τ)P z

e e−jξτdτ. (2.52)

The integration contour Cτ (tq) can be divided into three regions as shown in

Figure 2.8 which leads to the following equation:

I1 = C1

[ ∫

C−τ (tq)
Gzz(tq, τ)P z

e e−jξτdτ +
∫ τ ′

τ̃
Gzz(tq, τ)P z

e e−jξτdτ

+
∫ p̂q∞

τ ′

B1

τ
P z

e e−jξτdτ

]
. (2.53)

In this equation, p̂q is the unit vector denoting the direction of the contour C+
τ (tq)
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Figure 2.8: Integration contour in the τ -domain

that corresponds to a tq value found from the Gaussian-Hermite integration algo-

rithm. In the contour C−
τ and in the segment of the contour C+

τ between τ̃ and

τ ′, the integrals are evaluated using Filon’s algorithm. The tail contribution is

taken between τ ′ and p̂q∞ which can be written as

F1(τ
′) =

∫ p̂i∞

τ ′

B1

τ
e−jξτdτ. (2.54)

The tail contribution is evaluated in [23] using the first order stationary phase

method by taking only the end-point contributions since there is not a saddle

point in this integration interval. The result is given by

F1(τ
′) ≈ B1

e−jξτ ′

jξτ ′
. (2.55)

Similarly, the Gφφ component of the Green’s function can be expressed as



CHAPTER 2. HYBRID MOM/GREEN’S FUNCTION METHOD 31

I2 = C1

[ ∫

C−τ (tq)
Gφφ(tq, τ)P φ

e e−jξτdτ +
∫

C+
τ (tq)

(Gφφ(tq, τ)−B2τ −B3) P φ
e e−jξτdτ

+
∫

C+
τ (tq)

B2τP φ
e e−jξτdτ +

∫

C+
τ (tq)

B3P
φ
e e−jξτdτ

]
. (2.56)

The last term of the integral which is given by

F2(τ
′) =

∫ p̂i∞

τ ′
B3e

−jξτdτ (2.57)

can also be evaluated using first order stationary-phase method, and the result is

given by

F2(τ
′) ≈ B3

e−jξτ ′

jξ
. (2.58)

The term with the constant B2 was evaluated as the Fourier transform of a unit-

ramp function in [23] and evaluated as:

∫

C+
τ (tq)

B2τe−jξτdτ = −B2
1

ξ2
. (2.59)

This approximation assumes that τ̃ ≈ 0 as it is evident from the definition of

the Fourier transform. However, since τ̃ is not exactly 0, some error is intro-

duced when this equation is used. Actually, the tail integral for this case can be

evaluated using direct integration unlike the other tail integrals. The result is as

follows:

∞∫

τ̃

B2τe−jξτdτ = B2

[
jξτe−jξτ + e−jξτ

ξ2

]∞

τ̃

= −B2

[
jξτ̃e−jξτ̃ + e−jξτ̃

ξ2

]
(2.60)
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which gives a different but more accurate result than (2.59). The use of this

final expression in the tail computation for the Gφφ component increased the

accuracy of the method significantly. This is illustrated in Figure 2.9 for the

mutual coupling between two circumferentially oriented dipoles with respect to

s. The dimensions are ldip = 0.39λ0 and wdip = 0.01λ0 with host body parameters

a = 3λ0, th = 0.06λ0, εr = 3.25 at α = 15◦.

2.6 Pole Location Analysis and the Discussion

of a New Numerical Approach

The SDP integration technique for the computation of the Green’s function de-

veloped in [23]-[24] is also used in [35] to calculate the surface fields of aperture

antennas on large coated cylinders. Since the denominators of the Green’s func-

tions are the same for both cases, the contour deformation depicted in Figure

2.5 is also applied in [35]. Later, in [36], it is reported that the accuracy and

the computation time can be improved by analyzing the pole locations of the

Green’s functions and changing the integration contour accordingly. This work

also showed that in some cases the poles in the second quadrant of the complex ν-

plane may move into the third quadrant (the poles in the fourth quadrant moves

to first quarter as well due to symmetry) hence the contour deformation depicted

in Figure 2.5 may not be mathematically correct.

The main aim in [36] was to perform a contour deformation for C2 similar

to the contour deformation done for C1 to obtain an exponential decay in the

integrand. To accomplish this task, a complete pole analysis is necessary. Some

of the results in [36] is reproduced here in Figures 2.10, 2.11. In Figure 2.10, the

trajectory of the ψ-values, where the SDP integral is evaluated using a 9-point

Gauss-Hermite integration algorithm as α changes from 0◦ to 55◦ and s = 5λ0,

is shown. Figure 2.11.a shows the dominant pole locations for a = 5.65λ0, d =

0.05λ0, εr = 2, s = 5λ0 and α = 5◦ → 55◦ (for greater α-values SDP method

loses its accuracy) and Figure 2.11.b shows the first higher order pole locations

for the same case. In both figures (2.11.a and 2.11.b) a 9-point SDP integration



CHAPTER 2. HYBRID MOM/GREEN’S FUNCTION METHOD 33

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

s/λ
0

R
e 

[Z
12

]

Z
12

 at α=15°

SDP (new tail)
SDP (old tail)
Spectral

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−2

−1

0

1

2

3

4

s/λ
0

Im
 [Z

12
]

SDP (new tail)
SDP (old tail)
Spectral
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cumferentially oriented dipoles versus separation using SDP method with the new
and old tail contribution expressions and spectral domain method at α = 15◦.
(ldip = 0.39λ0, wdip = 0.01λ0, a = 3λ0, th = 0.06λ0 and εr = 3.25).
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is used. The trajectory of the dominant and first higher-order pole locations with

respect to the change of α and ψ-values, given by Figure 2.10, shows the problem

of poles moving from the second/fourth quadrants to the third/first quadrants

for some values of α and ψ.

−1.5 −1 −0.5 0 0.5 1 1.5
−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

α=55°

α=5° 

Im[ψ]

Re[ψ]

Figure 2.10: The location of the ψ-values used in a 9-point SDP Integration for
α = 5◦ → 55◦ and s = 5λ0

Hence, in [36] it is noted that the deformed contour C̃1 may exclude some

poles which, in turn, may yield erroneous results.

It should be noted here that in [23] and [24] different definitions are used for

the special functions, which are defined in Appendix B. On the other hand in [36]

only uniform representations of these functions, as defined in [37], are used. This

change in the representations of the special functions prevent the exclusion of the

poles for all the cases tested in ([23]-[24]). Hence, from a practical viewpoint,

both methods can be used. However, numerically they may give slightly different
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Figure 2.11: The dominant and the first higher-order pole locations as a function
of α for a 9-point SDP integration (a = 5.65λ0, d = 0.05λ0, εr = 2 and α = 5◦ →
55◦, s = 5λ0).
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results for different problems. Also, the deformation of the contour C2 may

provide better computational efficiency, hence it is a good idea to examine this

method further. To do the contour deformation, one must be sure that no poles

will be excluded when the new contour is used. Fortunately, for a constant value

of ψ, the pole locations lie on a line with the dominant pole location close to the

±kt0b as illustrated in Figure 2.12, where a = 5.65λ0, d = 0.05λ0, εr = 2 and

α = 55◦.

0 10 20 30 40 50 60
−50

−40

−30

−20

−10

0

10

Re[ν]

Im
[ν

]

Figure 2.12: The dominant and first 7 higher order pole locations at α = 55◦ for
a 9-point SDP integration (a = 5.65λ0, d = 0.05λ0 and εr = 2, s = 5λ0).

Thus, when Re[ν] > CRe[kt0b], the integration contour may be deformed

where C is a constant larger than 1 and generally chosen as 1.5. The same

contour deformation is also done in the third quarter, i.e Re[ν] < CRe[−kt0b].

Furthermore, one must pay attention not to cross any poles and redeform the

contour if a pole lies close to the original contour. In Figure 2.13, the case when
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there is a dominant pole in the fourth quarter close to the integration contour

and lies inside the integration domain is illustrated. The integration contour is

deformed as a half-circle towards the first quadrant such that the dominant pole

stays inside the integration domain. Practically, finding only the dominant pole

and modifying the integration contour accordingly would be enough if the radius

of the deformation is not very large such that any higher order pole is not crossed.

Figure 2.13: Redeformed contour in the ν-plane for the case when a pole lies close
to the integration contour.

This new numerical approach presented in [36] is more compact, does not need

a tail integration and computationally slightly more efficient than the previous

method (although the difference in the computational time is not great). How-

ever, in most cases (especially for the Gφφ component which is the main focus in

this thesis) the original method gives more accurate results. Consequently, the
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integration contour given in Figure 2.5 together with the SDP method presented

in [23] with the proper tail given by (2.60) is used in this thesis for the SDP

representation of the Green’s function.

2.7 Fourier Series Representation of Green’s

Functions

2.7.1 Expressions in the Paraxial Region

To find an expression that works in the paraxial region, the following transfor-

mations are applied to (2.32) instead of the Fock’s substitutions [33]:

kz = −ζcosψ; ν = µd and µ = −ζsinψ (2.61)

and

rl = d(φ− φ′) = ssinδ; (z − z′) = scosδ (2.62)

where δ = (90− α). The resulting equation is given by

El(s, δ) ≈ 1

2π

∫ 2π

0

∫ ∞

0

Glu(ζ, ψ)

2π
ejζscos(ψ−δ)ζdζdψ. (2.63)

Also, the zz and φφ components of the Green’s function (Gzz and Gφφ) are

periodic with respect to ψ with a period π ([23]) such that

Gzz(ζ, ψ) = Gzz(ζ, ψ + π) (2.64)

Gφφ(ζ, ψ) = Gφφ(ζ, ψ + π). (2.65)
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Using this periodicity, Gzz and Gφφ can be approximated by a Fourier series.

Since, the main concern of this thesis is the analysis of cylindrical arrays with

circumferentially oriented dipoles, the expansion of the Gzz component using

Fourier Series is explained in Appendix A. The Gφφ component is not expanded

as a Fourier Series directly since the achieved accuracy is not satisfactory in this

case. Instead, it is written as a sum of a planar component Gp
uu(ζ, ψ), where u can

represent either x or y direction, and Gcc
φφ(ζ, ψ) which represents the curvature

correction term ([23], [25]) as given by the following equation:

Gφφ(ζ, ψ) ≈ Gp
uu(ζ, ψ) + Gcc

φφ(ζ, ψ). (2.66)

The planar term which is given by

Gp
uu(ζ, ψ) = Gp1

uu(ζ)−Gp2
uu(ζ)

(
1− cos2ψ

2

)
ζ2 (2.67)

is already in the form of a two-term Fourier Series. Therefore, only the curvature

correction term is expanded in a Fourier Series. The resulting Green’s function

is approximated as ([23])

Gφφ(ζ, ψ) ≈ Gp1
uu(ζ) +

1

2
Gcc

φφ(ζ, ψ = 0) +
{
− ζ2Gp2

uu(ζ)

+
1

2

[
Gcc

φφ(ζ, ψ =
π

2
)−Gcc

φφ(ζ, ψ = 0)
] } (

1− cos2ψ

2

)
.(2.68)

The explicit expressions for curvature correction terms are given in ([23]-[25]).

Substituting this Green’s function component into (2.63), the surface electric

field can be written as

Eφφ(δ, s) ≈ 1

2π

[ ∫ ∞

0
Gp1

uu(ζ)

{∫ 2π

0

ejζscos(ψ−δ)

2π
dψ

}
ζdζ
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−
∫ ∞

0
Gp2

uu(ζ)ζ2

{∫ 2π

0

1− cos2ψ

4π
ejζscos(ψ−δ)dψ

}
ζdζ

+
1

2

∫ ∞

0
Gcc

φφ(ζ, ψ = 0)

{∫ 2π

0

ejζscos(ψ−δ)

2π
dψ

}
ζdζ

+
1

2

∫ ∞

0

[
Gcc

φφ(ζ, ψ =
π

2
)−Gcc

φφ(ζ, ψ = 0)
]

{∫ 2π

0

(
1− cos2ψ

4π

)
ejζscos(ψ−δ)dψ

}
ζdζ

]
. (2.69)

As explained in Appendix A, the integrals with respect to ψ can be evaluated an-

alytically. Substituting these closed-form results (equation (A.7)-(A.10)) into the

equations (2.69) and (A.6), the final expressions for both Eφφ and Ezz components

of the electric field are found as follows:

Ezz(δ, s) ≈ −Z0

2πk0

{
k2

0P (s) +
∂2

∂z2
[P (s)−Q(s)]

}
(2.70)

Eφφ(δ, s) ≈ −Z0

2πk0

{
k2

0U(s) +
∂2

∂r2
l

[
U(s)− εr − 1

εr

W (s)
]}

+
jZ0

4πk0

{
S(s) +

∂2

∂r2
l

T (s)

}
. (2.71)

The special functions P (s), Q(s), U(s), W (s), S(s) and T (s) are explicitly given

in [23]. The integrals in these expressions do not cause numerical problems like

the integrations in the SDP representation of the Green’s function and hence they

are easily evaluated along the real axis using a Gaussian-quadrature algorithm.

2.7.2 Expressions in the Off-paraxial Region for Gφφ com-

ponent of the Green’s function

In Appendix A, it is mentioned that the Fourier Series coefficients are approxi-

mated via the trapezoidal rule such that the results are accurate in the paraxial
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region. However, it is possible to use different approximations for the Fourier

Series coefficients to obtain results that are accurate in regions other than the

paraxial region [23]. It should be noted that since these equations are based

on approximations, to find an accurate representation requires extensive numer-

ical testing. The off-paraxial results for the Fourier Series representation of the

Green’s function is currently not available for Gzz(ζ, ψ) component.

For δ → π/2, the following approximate expression for the curvature correction

term of the Gφφ component of the Green’s function is obtained ([23]);

Gcc
φφ(ζ, ψ) ≈ Gcc

φφ(ζ, ψ = 0)

+
[
Gcc

φφ(ζ, ψ =
π

2
)−Gcc

φφ(ζ, ψ = 0)
] (

1− cos2ψ

2

)
(2.72)

As δ → π/4, based on some numerical experimentation ([23]), accurate results

are obtained if the expression given by

Gcc
φφ(ζ, ψ) ≈ 3

4

{
Gcc

φφ(ζ, ψ = 0)

+
[
Gcc

φφ(ζ, ψ =
π

2
)−Gcc

φφ(ζ, ψ = 0)
] (

1− cos2ψ

2

) }
, (2.73)

is used for the curvature correction term. The Fourier Series representation of

the Green’s function gets more accurate for small separations between the source

and the observation points. Also, since the integration is only with respect to

the variable ζ, it is computationally very efficient. Hence, it is preferable to use

the Fourier Series representation of the Green’s function even in the off-paraxial

region for small separations when it is available instead of the SDP representation

of the Green’s function.



Chapter 3

Array Concepts

3.1 Introduction

In this chapter, array related concepts and definitions are given. In section 3.2,

a general introduction to phased arrays is made. Their benefits and application

fields are explained. Some basic performance metrics that are used to analyze the

performance of arrays are defined in section 3.3. Among these basic performance

metrics, input impedance and active reflection coefficient of the dipoles can be

found directly by using the results obtained from the MoM procedure. However,

for the calculation of the far-field pattern additional theoretical knowledge is

required. Hence, a method based on stationary phase method for the evaluation

of the far-field pattern ([38]) is explained in this section. Finally, in section 3.4

scan blindness phenomenon is discussed. Scan blindness, if happens, limits the

scan range of the array which is an important concern in the design of arrays.

3.2 Phased Arrays

According to the American Federal Standard 1037C ([39]) a phased array is de-

fined as “A group of antennas in which the relative phases of the respective signals

42
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feeding the antennas are varied in such a way that the effective radiation pattern

of the array is reinforced in a desired direction and suppressed in undesired direc-

tions. The relative amplitudes of, and constructive and destructive interference

effects among, the signals radiated by the individual antennas determine the ef-

fective radiation pattern of the array. A phased array may be used to point a

fixed radiation pattern, or to scan rapidly in azimuth or elevation.”

Phased arrays have a wide range of applications in both military and civilian

life ([1]-[4]). For example, it is desirable for a radar to be able to scan different

directions. If a conventional antenna would be used for such a purpose, a rotatory

system would be required to direct the maximum radiation at a desired scan

angle. This solution would not be cost effective and the mechanical rotation

system would introduce a delay that is not desirable. However, in a phased array

by changing the excitations of the individual elements this goal is easily achieved.

That is why the phased arrays are also called ”scanning arrays”. The ease in

changing the radiation pattern of the phased array provides many opportunities.

It is possible to adjust the beamwidth, bandwidth and polarization, to form

multiple beam networks, reduce sidelobe level or eliminating the interference like

the military jammer signals with the deep nulls in the pattern.

As discussed in section 2.2, in the case of an array on a cylinder, for scanning

in the (θi, φi) direction, the voltage excitation of the pqth dipole is given by:

Vpq = e−jk0sinθidcos(φi−p∆φ)e−jk0cosθiqdz . (3.1)

3.3 Basic Performance Metrics

An antenna or an array is designed under some constraints to meet specific needs.

Hence, to analyze the performance of the array and to see how its performance

changes with the change of array and host body parameters have a primary

importance.
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An important point of interest for an array is its radiation characteristics.

The antennas are generally used for receiving information from or transmitting

information to long distances. Thus, the far-field approximations may be used

in the pattern calculations. The far-field pattern of a single dipole can be found

using the methods described in either [38] where asymptotic techniques are used

or [40] where a reciprocity approach is used. Using the stationary phase method

described in [38], the components of the electric field due to a current distribution

tangential to a coated cylinder can be written as follows:

Eθ(r, θ, φ) = −jη0k0
e−jk0r

πr
sinθ

∞∑

n=−∞
jnejnφCm(n, kz)

Eφ(r, θ, φ) = −jk0
e−jk0r

πr
sinθ

∞∑

n=−∞
jnejnφCe(n, kz) (3.2)

where η0 is the intrinsic impedance of free-space. Cm(n, kz) and Ce(n, kz) are

found from the following matrix relation:


 Cm(n, kz)

Ce(n, kz)


 = M

−1
(n, kz)


 J̃sz(n, kz)

J̃sφ(n, kz)


 (3.3)

J̃sz(n, kz) and J̃sφ(n, kz) are related to the components of current in the z- and

φ-directions and given by

J̃sz(n, kz) = b
∫ ∫

S′
Jz(z

′, φ′)e−jnφ′ejkzzdφ′dz′

J̃sφ(n, kz) = b
∫ ∫

S′
Jφ(z

′, φ′)e−jnφ′ejkzzdφ′dz′. (3.4)

Also in (3.3)

M =


 M11 M12

M21 M22


 (3.5)
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with

M11(n, kz) = βmT ′
m − kρ2H

(2)′
n (kρ2b)− nkz

jη0k0b
Teγm (3.6)

M12(n, kz) =
nkz

jη0k0b

[
H(2)

n (kρ2b)− Teγe

]
(3.7)

M21(n, kz) =
k2

ρ1

jη0k0

Teγm (3.8)

M22(n, kz) =
1

jη0k0

[
k2

ρ1Teγe − k2
ρ2H

(2)
n (kρ2b)

]
(3.9)

where

kρ1 = k0

√
εr − cos2θ and kρ2 = k0sinθ (3.10)

βm =
εrk

2
ρ2

k2
ρ1

H(2)
n (kρ2b)

Tm

(3.11)

γm =
η0k0(εr − 1)

jb

nkz

k2
ρ1

H(2)
n (kρ2b)

T ′
e

(3.12)

γe = kρ2
H(2)′

n (kρ2b)

T ′
e

(3.13)

Te = H(1)
n (kρ1b)− αeH

(2)
n (kρ1b) (3.14)

T ′
e = kρ1

[
H(1)′

n (kρ1b)− αeH
(2)′
n (kρ1b)

]
(3.15)
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Tm = H(1)
n (kρ1b)− αmH(2)

n (kρ1b) (3.16)

T ′
m = kρ1

[
H(1)′

n (kρ1b)− αmH(2)′
n (kρ1b)

]
(3.17)

with

αm =
H(1)

n (kρ1a)

H
(2)
n (kρ1a)

, αe =
H(1)′

n (kρ1a)

H
(2)′
n (kρ1a)

. (3.18)

To find the electric field due to a single element of a finite, phased array

of circumferentially or axially oriented printed dipoles on an electrically large,

coated cylinder (Ed(−→r )), the suitable one of the basis functions defined in (2.5)

is used as the current source. The far-field pattern of the array is then obtained

by superposing the far-fields of the individual elements using the mode currents

that are found from the MoM procedure as follows:

E(−→r ) =
N∑

n=−N

M∑

m=−M

AnmEd(−→r ). (3.19)

Another performance metric is the input impedance of a dipole on the ar-

ray. The input impedance is, according to the IEEE Std 145-1983 ([41]), ”the

impedance presented by an antenna at its terminals or the ratio of the voltage

to current at a pair of terminals or the ratio of appropriate components of the

electric to magnetic fields at a point”. In an infinite phased array, since the input

impedance of all the elements is the same and changes with the scan angle, it may

be named as the ”scan impedance” [1]. In this work the ratio of the voltage to

current at the antenna terminals is used to calculate the input impedance. Hence

the input impedance of the nmth dipole is given by:

Znm
in (θ, φ) =

Vnm

Inm

(3.20)
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where Vnm is the voltage excitation of the nmth dipole given by (2.10) and Inm is

the current on the nmth dipole which is found via the MoM.

Final performance metric that will be addressed here is the active reflection

coefficient of a dipole. Reflection results due to a mismatch between two different

impedances. If the array is conjugate matched to the broadside scan impedance

of the middle element of the array, the active reflection of the nmth dipole is

defined as ([27]):

Rnm(θ, φ) =
Znm

in (θ, φ)− Zmid
in (θ = 90◦, φ = 0◦)

Znm
in (θ, φ) + Zmid∗

in (θ = 90◦, φ = 0◦)
(3.21)

In this equation, Zmid
in is the input impedance of the middle element of the array

and “∗” denotes the complex conjugate. The reason for this matching is to

be consistent with the infinite array case. In the infinite array case, the active

reflection coefficient is the same for all elements since the input impedance does

not vary for different array elements. However, in the finite array case the input

impedance is not constant which necessitates choosing one of the array elements

as a reference. The edge effects on the middle element of the array is minimal,

thus its input impedance is closest to the infinite array case. Therefore, in order to

compare the performances of infinite arrays and finite arrays, choosing the middle

element as the reference for the finite arrays makes the most sense. Lowering the

active reflection coefficient will result in better radiation efficiency and hence it

is an important concern in the design of the antennas. The active reflection

coefficient is also used to determine the scan blindness, which is explained in

section 3.4.

3.4 Scan Blindness

Scan blindness is a phenomenon that seriously degrades a system’s performance

by reducing the scan range. Therefore, to prevent scan blindness or at least

moving it away from the broadside is very important in an array design.



CHAPTER 3. ARRAY CONCEPTS 48

The studies on scan blindness (for antennas on grounded dielectric slab) have

begun for infinite planar printed dipole arrays ([42]). For the infinite array case,

at scan blindness no real power enters or leaves the array. Therefore the active

reflection coefficient of all the elements are same and equal to unity at scan

blindness. Due to the conservation of power, at the scan blindness angles ”forced

surface waves” are created instead of radiated/scattered fields. Therefore, an

array should be on or near a structure that can support a surface wave like

the dielectric coating in our case for the scan blindness to occur. Physically,

in an infinite planar array at scan blindness, the surface waves are confined in

the structure forever which explains the unity reflection coefficient for all array

elements. Hence, scan blindness can be defined as a phase matching between

the phase progression of a surface wave (βsw) on the dielectric substrate and the

phase progression of a certain transverse Floquet mode. Mathematically, this can

be written as follows:

(
βsw

k0

)2

=

(
nλ0

dx

+ u

)2

+

(
mλ0

dy

+ v

)2

(3.22)

where m and n are integers representing a Floquet mode, dx and dy are the

center-to center distance between the elements of the array and u and v are given

by

u = sinθcosφ; v = sinθsinφ. (3.23)

The situation for a finite planar array is explored in [27]. For finite arrays, the

active reflection coefficient is not the same for all elements. Hence, in scan blind-

ness some elements may have active reflection coefficients of magnitude greater

than unity while others have it less than unity. From a conservation of power

perspective, the power of other elements must be transferred to the elements with

active reflection coefficients’ greater than unity at this situation. Those elements

then return some of the power to their generators, which may cause the system

to break down or burn. Practically, this situation may happen even before the

scan blindness which further shows the importance of the scan blindness analysis.
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In finite arrays, at scan blindness some power is still transmitted or received by

the array unlike the infinite array case. However, a big dip in gain is generally

observed. In Figure 3.1, a result presented in [27] is reproduced to show the

difference between the reflection coefficient magnitude of a 19x19 planar dipole

array and an infinite planar dipole array in E- and H- planes. The geometry of a

finite, phased array of printed dipoles on a coated planar array is given in Figure

3.2. The reflection coefficient of the finite array is computed at the broadside

scan for the center element. The center-to-center distances between the dipoles

in x- and y-directions, dx and dy, are equal to 0.5λ0, the thickness of the substrate

is th = 0.19λ0, the dimensions of each dipole is ldip = 0.39λ0 to wdip = 0.01λ0

and the dielectric constant of the substrate is εr = 2.55. This figure shows that

the reflection coefficient magnitude of the finite array is greater than unity at the

scan blindness which occurs at about θ = 46◦ in the E-plane. In H-plane scan

blindness does not occur. Physically, this is due to the strong coupling of the

surface waves in the E-plane.

One property of the scan blindness is it happens before the onset of the grating

lobe [43]. For a phased array antenna the onset of the grating lobe is given by

the equation

S

λ0

=
1

1 + |sinθm| (3.24)

where

S=element separation

λ0=free-space wavelength

θm=maximum angular scan .

From this equation it can be seen that decreasing the element spacing may

increase the scan range. Although the maximum angular scan term used here

describes only the scan area where there are no grating lobes and does not take

scan blindness into account, it still gives insight on where the scan blindness may

occur and how the scan range may be improved.
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Figure 3.1: Reflection coefficient magnitude of the middle element vs. scan angle
for a 19x19 planar array and an infinite planar array in E- and H- planes. (dx =
dy = 0.5λ0, th = 0.19λ0, ldip = 0.39λ0, wdip = 0.01λ0, εr = 2.55λ0).

The works on scan blindness for planar arrays have shown that scan blindness

is affected by substrate and array parameters like th, εr, dx, dy and the number

of elements. However, a study of scan blindness for finite, phased arrays of

printed dipoles on electrically large, coated cylinders have not been made before.

The results of this work have revealed the importance of the curvature on the

scan blindness. Due to the curvature of the cylinder, finite phased arrays of

circumferentially and axially oriented printed dipoles on an electrically large,

coated cylinder and a finite planar phased array of printed dipoles show very

different behavior in terms of scan blindness. Several numerical examples for

various array and host body parameters like thickness of the substrate, array size

and cylinder radius are presented and discussed in chapter 4.
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Figure 3.2: The geometry of a finite, phased array of printed dipoles on a grounded
dielectric slab.



Chapter 4

Numerical Results

4.1 Introduction

In this chapter, numerical results are presented to explain and support the theory

presented in the previous chapters. The aim of this part is twofold:

• To assess the accuracy of the spatial-domain method.

• To analyze the effects of several array and host body parameters on the

performance metrics of the cylindrical arrays of circumferentially oriented

dipoles and compare it with those of the cylindrical arrays of axially oriented

dipoles and planar arrays.

The results, in terms of induced current envelope, mutual coupling, active re-

flection coefficient and far-field pattern, are presented and discussed. Special

attention is given to the active reflection coefficient results to be able to analyze

the scan blindness phenomenon thoroughly. The array geometries are given in

Figures 2.1, 2.2 for the cylindrical arrays and in Figure 3.2 for the planar array.

The parameters that are common for all of the results in this chapter are the

length of the dipoles ldip = 0.39λ0, width of the dipoles wdip = 0.01λ0, the peri-

odicity of the arrays in circumferential and axial directions (x- and y- directions

52
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for the planar array) dz = drl = dx = dy = 0.5λ0 for the array results and relative

dielectric constant of the dielectric coating εr = 3.25. It should be noted that

some of the results in this chapter are presented in several conferences ([46]-[49]).

4.2 Mutual Coupling and Accuracy of the Hy-

brid/MoM Green’s Function Method

The first set of results presented in this section are mutual coupling results be-

tween two circumferentially oriented dipoles on an electrically large coated cylin-

der that compares Green’s function representations in spatial domain to Green’s

function representation in the spectral domain. As discussed in section 2.2, the

accuracy and efficiency of the moment method solution depends on the compu-

tation of the Green’s function. Therefore, the Green’s function representations

must be accurate for arbitrary source and observation points. In Figures 4.1-4.4,

the real and imaginary parts of mutual coupling results for the FS representation,

SDP representation and spectral domain representation of the Green’s function

are compared at α = 0◦, α = 30◦, α = 45◦ and α = 60◦, respectively (α is the

angle between the geodesic path connecting the two dipoles and the circumfer-

ential direction as shown in Figure 2.6), a = 3λ0 and th = 0.06λ0. In Figure 4.5,

only FS and spectral representations are compared since SDP representation does

not work in this region. The parameters are same as the ones used in 4.1-4.4.

The FS representation is very accurate around α = 0◦, α = 45◦ and α = 90◦

but in the transition regions and when the separation s is large it tends to get

less accurate. On the other hand, SDP representation is very accurate in the

off-paraxial region. Although this representation loses its accuracy as α → 90◦,

it is still accurate when s is large at α = 60◦ where FS does not give very good

results. Hence, these two representations complement each other very well to

obtain a valid solution on the whole solution region.
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Figure 4.1: Real and imaginary parts of the mutual coupling between two circum-
ferentially oriented printed dipoles versus separation using the SDP method (with
the new tail contribution), FS method and spectral domain method at α = 0◦

(ldip = 0.39λ0, wdip = 0.01λ0, dz = drl = 0.5λ0, a = 3λ0, th = 0.06λ0, εr = 3.25).
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Figure 4.2: Real and imaginary parts of the mutual coupling between two circum-
ferentially oriented printed dipoles versus separation using the SDP method (with
the new tail contribution), FS method and spectral domain method at α = 30◦

(ldip = 0.39λ0, wdip = 0.01λ0, dz = drl = 0.5λ0, a = 3λ0, th = 0.06λ0, εr = 3.25).
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Figure 4.3: Real and imaginary parts of the mutual coupling between two circum-
ferentially oriented printed dipoles versus separation using the SDP method (with
the new tail contribution), FS method and spectral domain method at α = 45◦

(ldip = 0.39λ0, wdip = 0.01λ0, dz = drl = 0.5λ0, a = 3λ0, th = 0.06λ0, εr = 3.25).
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Figure 4.4: Real and imaginary parts of the mutual coupling between two circum-
ferentially oriented printed dipoles versus separation using the SDP method (with
the new tail contribution), FS method and spectral domain method at α = 60◦

(ldip = 0.39λ0, wdip = 0.01λ0, dz = drl = 0.5λ0, a = 3λ0, th = 0.06λ0, εr = 3.25).
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Figure 4.5: Real and imaginary parts of the mutual coupling between two cir-
cumferentially oriented printed dipoles versus separation using the FS method
and spectral domain method at α = 90◦ (ldip = 0.39λ0, wdip = 0.01λ0,
dz = drl = 0.5λ0, a = 3λ0, th = 0.06λ0, εr = 3.25).
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Figures 4.6 and 4.7 show the mutual coupling results between two dipoles

which are circumferentially and axially oriented, respectively versus the center-to-

center separation between the dipoles s for cylinders with different radii. These

results are also compared with planar results. In the spatial domain results,

the second ray contribution corresponding to p = 1 in equation (2.31) is also

considered. This contribution gets bigger as the separation between the dipoles

increases. The interference of these two rays is seen as an oscillation in the

figures. Another point to be noted is the coupling in the H-plane is dominated

by the space waves. The space waves are initially bigger in magnitude than the

surface waves when the separation s is small, but they decay at a higher rate

when s becomes larger. As a result, the coupling in H-plane is very weak for

large separations. However, in the E-plane surface waves are dominant. Hence,

there is a strong coupling even for the large separations. Also, the coupling

for the planar and circumferentially oriented dipoles cases are very close in the

H-plane while the coupling of the cylindrical array is much weaker in the E-

plane compared to planar array. Similarly, for the axially oriented dipoles the

coupling is a little stronger than planar case in E-plane while it is much weaker

in H-plane. This is because in the circumferential direction (which corresponds

to E-plane for the circumferentially oriented dipoles and H-plane for the axially

oriented dipoles) shedding occurs due to the curvature effect which reduces the

surface fields’ strength. However, similar to a water arc in the fluid dynamics,

the fields are confined better than the planar case in the axial direction hence the

coupling on the cylinder is stronger in this direction.

The next results presented are comparisons of induced current envelopes (Anm in

equation 2.5) between spectral and spatial methods case for the first and middle

rows and first and middle columns of a 5x5 cylindrical array. Figure 4.8-a shows

the results when the dipoles in the array are circumferentially oriented and Figure

4.8-b shows the case when the dipoles are axially oriented. The radius of the

cylinder is a = 4λ0 and the thickness of the dielectric coating is th = 0.06λ0. In

these figures, a uniform excitation is assumed for the array elements such that

Vpq = 1 in equation (2.10) with the aim of comparing the accuracy of the solution

for both uniform and phased excitation. It can be seen that the results are nearly
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Figure 4.6: Mutual coupling between two circumferentially oriented dipoles versus
separation s for different radii and comparison with the planar case (ldip = 0.39λ0,
wdip = 0.01λ0, dz = drl = dx = dy = 0.5λ0, th = 0.06λ0, εr = 3.25).
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Figure 4.7: Mutual coupling between two axially oriented dipoles versus sepa-
ration s for different radii and comparison with the planar case (ldip = 0.39λ0,
wdip = 0.01λ0, dz = drl = dx = dy = 0.5λ0, th = 0.06λ0, εr = 3.25).
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identical for the spectral and spatial methods.

Figures 4.9-a and 4.9-b compares the induced current envelopes for the spatial and

spectral domain solutions in the first row, first column, middle row and the middle

column of a 7x7 cylindrical array of circumferentially and axially oriented dipoles,

respectively for a = 3λ0 and th = 0.06λ0. The phase excitation of equation (2.10)

is used in this figure. Again the results are close. For larger arrays, the spectral

domain solution begins to show convergence problems. Therefore, for the rest of

the results in this chapter only spatial domain MoM/Green’s function technique

results are presented, since it is more accurate and more efficient (approximately

10 times) than the spectral domain results. Furthermore, as the radius of the

cylinder and/or the number of elements increase, the difference in the fill-time of

the impedance matrix strongly favors the spatial domain technique ([28]).

In Figure 4.10 the induced current envelope comparison between a 11x11 cylin-

drical array and a 11x11 planar array is shown for the first row, first column,

middle row and the middle column of the array for a = 3λ0 and th = 0.06λ0.

There is a considerable amount of difference between the magnitudes of current

for planar and cylindrical arrays which shows the importance of the curvature.

Therefore, approximations of cylindrical arrays using planar arrays, which is a

common practice in the design of cylindrical arrays, may lead to unsatisfactory

results for applications where accuracy is a primary concern.

4.3 Performance of the Cylindrical Arrays of

Circumferentially Oriented Dipoles

In this section the performance of finite, phased array of circumferentially oriented

dipoles on electrically large, coated cylinders are compared with those of arrays of

axially oriented dipoles and planar arrays. The results are given in terms of active

reflection coefficient versus scan angle, active reflection coefficient versus element

number and far-field pattern. The phase excitation given by (2.10) is used in all

the results. In Figure 4.11-a, the magnitude of the active reflection coefficients in
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Figure 4.8: Current comparison between spectral and spatial methods for a
5x5 cylindrical array of a) circumferentially oriented dipoles, b) axially oriented
dipoles (ldip = 0.39λ0, wdip = 0.01λ0, dz = drl = dx = dy = 0.5λ0, a = 4λ0,
th = 0.06λ0, εr = 3.25).
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Figure 4.9: Current comparison between spectral and spatial methods for a
7x7 cylindrical array of a) circumferentially oriented dipoles, b) axially oriented
dipoles (ldip = 0.39λ0, wdip = 0.01λ0, dz = drl = dx = dy = 0.5λ0, a = 3λ0,
th = 0.06λ0, εr = 3.25).
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Figure 4.10: Current comparison between a 11x11 cylindrical array of circumfer-
entially oriented dipoles and a 11x11 planar array (ldip = 0.39λ0, wdip = 0.01λ0,
dz = drl = dx = dy = 0.5λ0, a = 3λ0, th = 0.06λ0, εr = 3.25).

the E-plane between 11x11 cylindrical array of circumferentially directed dipoles,

11x11 cylindrical array of axially directed dipoles and 11x11 planar array are

compared for the middle elements of the arrays. The radius of the cylinder for

cylindrical arrays is a = 3λ0 and thickness of the dielectric coating is th = 0.06λ0.

In 4.11-b the same comparison is made in the H-plane. It should be noted here

that for scanning in the E-Plane

• For the cylindrical array of circumferentially oriented dipoles θ = 90◦ and

φ is changing,

• For the cylindrical array of axially oriented dipoles φ = 0◦ and (90 − θ)

(since the direction of the scan is from the broadside towards the end-fire)



CHAPTER 4. NUMERICAL RESULTS 66

is changing,

• For the planar array φ = 0◦ and θ is changing.

Similarly, for scanning in the H-plane,

• For the cylindrical array of circumferentially oriented dipoles φ = 0◦ while

(90− θ) is changing,

• For the cylindrical array of axially oriented dipoles θ = 90◦ and φ is chang-

ing,

• For the planar array φ = 90◦ and θ is changing.

Also in E-plane, while scan blindness occurs for the cylindrical arrays of axi-

ally oriented dipoles, cylindrical arrays of circumferentially oriented dipoles do

not exhibit scan blindness due to the shedding which reduces the surface waves’

strength. Therefore, the orientation of the dipoles also affects the scan blindness

unlike the planar array case ([27],[42])

Figure 4.12-a shows the active reflection coefficient versus scan angle results

in the E-Plane for 11x11 cylindrical arrays of circumferentially oriented printed

dipoles mounted on coated cylinders with radii 3λ0, 4λ0 and 5λ0 and th = 0.06λ0.

The results are also compared with that of a 11x11 planar array in the E-plane.

The same result is shown in Figure 4.12-b for a cylindrical array of axially oriented

dipoles. As the radius of the cylinder increases results for the cylindrical arrays

more closely resemble those of the planar arrays which is a further proof to the

accuracy of the spatial method since in the limiting case where the radius of the

cylinder goes to infinity a planar array is obtained. Scan blindness phenomenon is

observed at approximately (90− θ) = 49◦ for cylindrical array of axially oriented

dipoles when a = 3λ0. For arrays with a = 4λ0 , a = 5λ0 and planar array,

although the reflection coefficient’s magnitude tend to get very big at this angle,

exact scan blindness is not observed. This is due to the fact that when the radius

of the cylinder is smaller, the fields are better confined in the axial direction

as mentioned before. However, for the cylindrical arrays of circumferentially
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Figure 4.11: Magnitude of reflection coefficient of the middle element vs. scan
angle comparison for 11x11 cylindrical arrays of circumferentially and axially
oriented dipoles and comparison with a 11x11 planar array in a) E-Plane and b)
H-Plane (ldip = 0.39λ0, wdip = 0.01λ0, dz = drl = dx = dy = 0.5λ0, a = 3λ0,
th = 0.06λ0, εr = 3.25).
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oriented dipoles the magnitude of the reflection coefficient in the E-plane is not

bigger than 0.5 because of the curvature effects which causes surface waves to be

weaker.

Figures 4.13-a and 4.13-b show the same results for the H-plane scan. In this

plane, the scan blindness phenomenon is not observed since the surface waves are

not strong in this direction as mentioned before. The reflection coefficient for the

cylindrical arrays of circumferentially oriented dipoles are slightly bigger in this

case than the cylindrical arrays of axially oriented dipoles due to the curvature

effects.

In Figure 4.14-a, the magnitude of the active reflection coefficient in the E-plane

between 11x11 cylindrical array of circumferentially directed dipoles, 11x11 cylin-

drical array of axially directed dipoles and 11x11 planar array is compared for a

thickness of th = 0.02λ0, and the radius of the cylinder for cylindrical arrays is

a = 3λ0. In 4.14-b the same comparison is made in the H-plane. The decrease in

the thickness of the dielectric coating reduces the strength of the surface waves

and hence scan blindness is not observed for this case.

In Figures 4.15 and 4.16, Figures 4.12 and 4.13 are repeated for th = 0.02λ0

with all the other parameters being the same. As the radius of the cylinder

increases in the plane corresponding to the circumferential direction (E-plane for

cylindrical arrays of circumferentially directed dipoles and H-Plane for cylindrical

arrays of axially directed dipoles), the coupling and hence the active reflection

coefficient increases due to the curvature effect. However, in the axial direction

the increase of the radius reduces the coupling as mentioned before, which in turn

causes a smaller active reflection coefficient.

In the next figure (4.17), the effect of the array size on the reflection coefficient

is observed. Cylindrical arrays of circumferentially and axially oriented dipoles

are compared with a planar array of same size in E-plane for array sizes of 7x7,

11x11 and 15x15. The cylinder radius is a = 4λ0 and the thickness of the dielec-

tric coating is th = 0.06λ0. As the array size increases, the surface waves become

stronger which causes the elements of the array to have larger reflection coeffi-

cients. At (90− θ) = 54◦, scan blindness occur for the 15x15 cylindrical array of
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Figure 4.12: Magnitude of reflection coefficient of the middle element vs. scan
angle for different radii of a 11x11 cylindrical array of a) circumferentially oriented
b) axially oriented dipoles and comparison with a 11x11 planar array in E-Plane
(ldip = 0.39λ0, wdip = 0.01λ0, dz = drl = dx = dy = 0.5λ0, th = 0.06λ0, εr = 3.25).
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Figure 4.13: Magnitude of reflection coefficient of the middle element vs. scan
angle for different radii of a 11x11 cylindrical array of a) circumferentially oriented
and b) axially oriented dipoles and comparison with a 11x11 planar array in H-
Plane (ldip = 0.39λ0, wdip = 0.01λ0, dz = drl = dx = dy = 0.5λ0, th = 0.06λ0,
εr = 3.25).
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Figure 4.14: Magnitude of reflection coefficient of the middle element vs. scan
angle comparison for 11x11 cylindrical arrays of circumferentially and axially
oriented dipoles and comparison with a 11x11 planar array in a) E-Plane and b)
H-Plane (ldip = 0.39λ0, wdip = 0.01λ0, dz = drl = dx = dy = 0.5λ0, a = 3λ0,
th = 0.02λ0, εr = 3.25).
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Figure 4.15: Magnitude of reflection coefficient of the middle element vs. scan
angle for different radii of a 11x11 cylindrical array of a) circumferentially oriented
b) axially oriented dipoles and comparison with a 11x11 planar array in E-Plane
(ldip = 0.39λ0, wdip = 0.01λ0, dz = drl = dx = dy = 0.5λ0, th = 0.02λ0, εr =
3.25)).
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Figure 4.16: Magnitude of reflection coefficient of the middle element vs. scan
angle for different radii of a 11x11 cylindrical array of a) circumferentially oriented
and b) axially oriented dipoles and comparison with a 11x11 planar array in H-
Plane (ldip = 0.39λ0, wdip = 0.01λ0, dz = drl = dx = dy = 0.5λ0, th = 0.02λ0,
εr = 3.25).
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axially oriented dipoles. However, reflection coefficient for the cylindrical array of

circumferentially oriented dipoles does not change dramatically with the change

of the array size due to the curvature and thus the scan blindness does not exist.

For the reflection coefficient’s magnitude to be greater than or equal to unity, the

input impedance of the antenna elements must have negative or zero real parts,

respectively. Therefore, the dipoles are open-circuited at scan blindness and hence

the array behavior closely resemble a grounded cylindrical dielectric without any

printed dipoles on its surface ([42]). The contour of the input impedance is shown

in Figures 4.18 (11x11 array, a = 3λ0 and th = 0.06λ0) and 4.19 (15x15 array,

a = 4λ0 and th = 0.06λ0) for the two cases, where (it is previously found that)

the scan blindness occurs for cylindrical arrays of axially oriented dipoles. As

expected, the real part of the input impedance becomes negative around the

angle of scan blindness for the cylindrical array of axially oriented dipoles while

the real part of the input impedance is always positive for the cylindrical array

of circumferentially oriented dipoles.

As explained in section 3.4 in finite arrays, as oppose to the infinite arrays, only

certain elements have reflection coefficients whose magnitudes are greater than or

equal to unity at the scan blindness angle. This is illustrated in Figure 4.20, where

the active reflection coefficient versus the element number is plotted for a 15x15

cylindrical array of circumferentially oriented dipoles at (θ = 90◦, φ = 54◦), 15x15

cylindrical array of axially oriented dipoles at (θ = 36◦, φ = 0◦) and 15x15 planar

array at (θ = 54◦, φ = 0◦) with the parameters a = 4λ0 and th = 0.06λ0. From

the conservation of power principle, power must be delivered to these elements

with reflection coefficients whose magnitudes are greater than unity from the

other elements. For the cylindrical array of circumferentially directed dipoles it

is seen that reflection coefficients’ magnitudes do not exceed unity for any of the

elements.

The normalized far-field patterns for 11x11 cylindrical arrays of circumferentially

oriented dipoles with different radii and a 11x11 planar array scanned along E-

plane is shown in Figure 4.21. The thickness of the cylinder is th = 0.06λ0. The

main beam is in the broadside direction in 4.21-a. Along the main beam, the
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Figure 4.17: Magnitude of reflection coefficient of the middle element vs. scan an-
gle comparison for a) 7x7, b) 11x11 and c) 15x15 cylindrical arrays of circumferen-
tially and axially oriented dipoles and the planar array in E-Plane (ldip = 0.39λ0,
wdip = 0.01λ0, dz = drl = dx = dy = 0.5λ0, a = 4λ0, th = 0.06λ0, εr = 3.25).
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Figure 4.18: Change of input impedance of the middle element w.r.to scan angle
for 11x11 cylindrical arrays of circumferentially and axially oriented dipoles (ldip =
0.39λ0, wdip = 0.01λ0, dz = drl = dx = dy = 0.5λ0, a = 3λ0, th = 0.06λ0,
εr = 3.25).

pattern of the planar array and the cylindrical array are very close to each other.

However, away from the main lobe the shape of the patterns loses their similarity

due to the curvature effects. Again, when the radius of the cylinder is increased

the patterns of planar and cylindrical arrays gets more similar. For cylindrical

arrays, high sidelobe levels are obtained in the pattern compared to planar array.

This is because some of the element patterns have their peaks other than the

intended scan direction due to the curvature on a cylindrical array. When the
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Figure 4.19: Change of input impedance of the middle element wrt. scan angle for
15x15 cylindrical arrays of circumferentially and axially oriented dipoles (ldip =
0.39λ0, wdip = 0.01λ0, dz = drl = dx = dy = 0.5λ0, a = 4λ0, th = 0.06λ0,
εr = 3.25).

cylinder radius is decreased, the curvature effect increases which explains why the

cylinder with a = 3λ0 has the highest sidelobe level. In Figure 4.21-b, the scan

angle is set to 60◦. For the cylindrical arrays, the main beam direction is slightly

less than 60◦ due to the different peak directions of the elements on a curved

surface. In Figure 4.22 the results of 4.21 are obtained for a cylindrical array

of axially oriented dipoles instead of the cylindrical arrays of circumferentially
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Figure 4.20: Magnitude of the reflection coefficient vs. element number of a)
15x15 cylindrical array of circumferentially oriented dipoles b) 15x15 cylindrical
array of axially oriented dipoles and c) 15x15 planar array (ldip = 0.39λ0, wdip =
0.01λ0, dz = drl = dx = dy = 0.5λ0, a = 4λ0, th = 0.06λ0, εr = 3.25).
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oriented dipoles and H-plane scanning instead of scanning in the E-plane such

that the scan is in the circumferential direction for both figures. The sidelobe level

in this case is lower than its cylindrical array of circumferentially oriented dipoles

counterpart and the pattern more closely resembles the pattern of the planar

array. As mentioned before, the coupling for large separations is weak in the H-

plane of the cylindrical array of axially oriented dipoles. Hence, predominantly

central elements of the array is important in the shaping of the pattern and as a

result sidelobe levels are not that high.
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Figure 4.21: Far-field pattern for different radii of a 11x11 cylindrical array of
circumferentially oriented printed dipoles and comparison with the planar array
for a) broadside and b) 60◦ scan (ldip = 0.39λ0, wdip = 0.01λ0, dz = drl = dx =
dy = 0.5λ0, th = 0.06λ0, εr = 3.25).
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Figure 4.22: Far-field pattern for different radii of a 11x11 cylindrical array of
axially oriented printed dipoles and comparison with the planar array for a)
broadside scan and b)(60◦ scan) (ldip = 0.39λ0, wdip = 0.01λ0, dz = drl = dx =
dy = 0.5λ0, th = 0.06λ0, εr = 3.25).
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Conclusions

In this thesis, finite, phased arrays of circumferentially oriented printed dipoles

conformal to electrically large, coated cylinders are analyzed using the hybrid

MoM/Green’s method function in the spatial domain. Although these arrays

finds prominent usage in the shipborne, airborne and wireless communications

applications where conformality is a major issue, there is a lack of efficient and

accurate design tools which provides a motivation for this research. A review of

the Hybrid MoM/Green’s function method in spatial domain developed in [23] is

provided in this work. In this method, the appropriate Green’s function is the

kernel of the EFIE equation which is solved via MoM and possesses the electrical

and geometrical properties of the host body. Since, the efficiency and the accuracy

of the method relies on the computation of Green’s functions, three different high

frequency based Green’s function representations, which are valid in different but

overlapping regions of the cylinder surface, are used interchangeably to achieve

this goal. The switching algorithm that leads to the computationally optimum re-

sults are explained. Modifications on the method to obtain more accurate results

including the revision of the tail integral for the SDP representation and analysis

of the possible integration contours are given. Several basic performance metrics

are defined and their meanings are explained. The scan blindness phenomenon

is described and studies that have been reported previously on this subject are

narrated.
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Numerical results are presented to assess the accuracy of the Hybrid

MoM/Green’s function method in the spatial domain and to investigate perfor-

mance of finite, phased arrays of circumferentially oriented dipoles on electrically

large, coated cylinders. The accuracy of the hybrid MoM/Green’s function in

the spatial domain method has been proven by comparing the mutual coupling

and induced current envelope results obtained with those of the spectral domain

solutions. This comparison is done for small arrays and/or electrically small sep-

arations between source and observation points due to the convergence problems

of the spectral domain solution for electrically large cylinders. Then, performance

of cylindrical array of circumferentially oriented dipoles is compared to that of

cylindrical array of axially oriented dipoles and planar array of printed dipoles

with the aid of basic performance metrics. In the current and reflection ver-

sus scan results, it is seen that, especially in the circumferential direction where

curvature effects become dominant, the reflection characteristics of a cylindrical

array differs greatly from that of the planar array. Thus, using a planar array to

approximate a cylindrical array is not possible for applications where accuracy is

a concern. The change of the system performance with respect to array and host

body parameters including array size, radius of the cylinder and the thickness of

the dielectric coating are also observed. Special attention is paid to scan blind-

ness phenomenon. This work has been the first study of scan blindness on finite,

phased arrays of printed dipoles on electrically large, coated cylinders to the best

of my knowledge. It is shown that both array and host body parameters affect

the scan blindness. This study also show the importance of the orientation of

the dipoles on the scan blindness. According to these results, scan blindness may

not occur for cylindrical arrays of circumferentially oriented dipoles while both

cylindrical arrays of axially oriented dipoles and planar arrays exhibit it. Hence,

the properties of the array elements also affect the scan blindness for cylindrical

arrays unlike their planar counterparts.



Appendix A

FS Representation for the Gzz

Component

A.1 The Derivation of the Surface Fields using

Fourier Series for the Gzz Component

The Gzz component of the Green’s function can be expanded as a Fourier Series

using its periodicity with respect to ψ as given in (2.64) as follows :

Gzz(ζ, ψ) = a0(ζ) +
∞∑

n=1

an(ζ)cosn2ψ +
∞∑

n=1

bn(ζ)sinn2ψ (A.1)

where

a0(ζ) =
1

π

∫

T
Glu(ζ, ψ)dψ (A.2)

an(ζ) =
2

π

∫

T
Glu(ζ, ψ)cosn2ψdψ (A.3)
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bn(ζ) =
2

π

∫

T
Glu(ζ, ψ)sin2ψdψ (A.4)

and ω0 = 2π.

By using the trapezoidal rule to evaluate the Fourier Series’ coefficients, the

approximate result for the Gzz component of the Green’s function is found ([23])

as

Ga
zz(ζ, ψ) ≈ Gzz(ζ, ψ =

π

2
)

+
[
Gzz(ζ, ψ = 0)−Gzz(ζ, ψ =

π

2
)
] (

1 + cos2ψ

2

)
. (A.5)

Substituting (A.5) into (2.63), the surface field for the Gzz component can be

written as:

Ezz(δ, s) ≈ 1

2π

[ ∫ ∞

0
Gzz(ζ, ψ =

π

2
)

{∫ 2π

0

ejζscos(ψ−δ)

2π
dψ

}
ζdζ +

∫ ∞

0

(
Gzz(ζ, ψ = 0)

−Gzz(ζ, ψ =
π

2
)
) {∫ 2π

0

(
1 + cos2ψ

4π

)
ejζscos(ψ−δ)dψ

}
ζdζ

]
(A.6)

A.2 Evaluation of the integrals with variable ψ

The integrals with the integral variable ψ in the equations (2.69) and (A.6) can

be evaluated analytically ([23]), i.e.

∫ 2π

0

ejζscos(ψ−δ)

2π
dψ = J0(ζ, s) (A.7)

∫ 2π

0

(
1− cos2ψ

4π

)
ejζscos(ψ−δ)dψ = − 1

ζ2

∂2

∂r2
l

J0(ζs) (A.8)



APPENDIX A. FS REPRESENTATION FOR THE GZZ COMPONENT 86

∫ 2π

0

(
1 + cos2ψ

4π

)
ejζscos(ψ−δ)dψ = − 1

ζ2

∂2

∂z2
J0(ζs) (A.9)

∫ 2π

0

sin2ψ

4π
ejζscos(ψ−δ)dψ = − 1

ζ2

∂2

∂z∂rl

J0(ζs) (A.10)

where J0(ζ, s) is the Bessel function of order zero.
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Evaluation of Special Functions

In Section 2.3, some special functions are defined in equations (2.26)-(2.28) that

are used in the evaluation of the components of the Green’s function. Bessel

and Hankel functions are used in these definitions, which raise some numerical

problems in their computation. First of all, there are different representations

for the Bessel and Hankel functions which are valid in different regions. Hence,

it is necessary to switch between different representations to compute Bessel and

Hankel functions accurately. Also, when the order or the argument of the Bessel

and Hankel functions gets large or become complex, their evaluation becomes a

tedious task. Therefore, several approximations are developed in the evaluation

of the special functions Rν , Ce
ν and Cm

ν in [23] which are explained in here.

B.1 Approximations for Rv

In the equation (2.26), Rν was defined as follows:

Rν =
H(2)′

ν (z)

H
(2)
ν (z)

. (B.1)
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If this function is evaluated directly by first finding the derivative of the Han-

kel function of the second kind (H(2)′
ν (z)) and dividing by H(2)

ν (z), convergence

problems are observed for large order and/or large argument values. Instead of

this, one can obtain a formula for Rν by taking the ratio of the approximations

used for the Hankel functions like Debye and Olver approximations.

The use of Debye approximations to find an approximate formula to Rν is

explained in [33]. The Debye approximations for Jν(z) and Yν(z) and their

derivatives with respect to the argument by taking the first two terms in the

corresponding series are repeated here for convenience as

Jν(z) ≈ e(
√

ν2−z2−ν cosh−1(ν/z))

√
2π(ν2 − z2)1/4

[
1 +

u1(ν/
√

ν2 − z2)

ν

]
(B.2)

Yν(z) ≈ −e−(
√

ν2−z2−ν cosh−1(ν/z))

√
π/2(ν2 − z2)1/4

[
1− u1(ν/

√
ν2 − z2)

ν

]
(B.3)

J ′ν(z) ≈ (ν2 − z2)1/4

√
2πz

e(
√

ν2−z2−ν cosh−1(ν/z))

[
1 +

v1(ν/
√

ν2 − z2)

ν

]
(B.4)

Y ′
ν(z) ≈ (ν2 − z2)1/4

√
π/2z

e−(
√

ν2−z2−ν cosh−1(ν/z))

[
1− v1(ν/

√
ν2 − z2)

ν

]
(B.5)

where

u1(t) =
3t− 5t2

24
(B.6)

v1(t) =
−9t + 7t3

24
. (B.7)

Using Debye approximations in equation (B.1) gives
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Rν ≈ −j
√

z2 − ν2

z
− z

2 (z2 − ν2)
. (B.8)

It should be noted that when |ν| > |z|, the correct choice of branch for the

square-root function is

√
z2 − ν2 = −j

√
ν2 − z2. (B.9)

The Olver approximation for the H(2)
ν (z) and its derivative with respect to

the argument are given in [37] as follows:

H(2)
ν (z) ≈ 2ejπ/3γ(ν, z)

Ai(e
−j2π/3ν2/3ζ)

ν1/3
(B.10)

H(2)′
ν (z) ≈ 4e−j2π/3

z/ν

1

γ(ν, z)

e−j2π/3A′
i(e

−j2π/3ν2/3ζ)

ν2/3
(B.11)

where ζ and γ are defined as

ζ = (1.5ρ)2/3 (B.12)

ρ = Ln


1 +

√
1−

(
z

ν

)2

− Ln

(
z

ν

)
−

√
1−

(
z

ν

)2

(B.13)

γ =

(
4ζ

(1− ( z
ν
)2)

)
. (B.14)

Therefore, the resulting expression for Rν is

Rν ≈ A′
i(x)

Ai(x)

1

ν1/3

ejπ/3

[
( z

ν
)2ζ

1−( z
ν
)2

]1/2
(B.15)
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where ζ and ρ are defined in equations (B.12),(B.13) and x is given by

x = ζν2/3e−j2π/3. (B.16)

The proper choice of branches in equations (B.12), (B.13) and (B.16) is not a

trivial matter and explained in depth in [37]. Equation (B.8) is easier to compute

but there is a small region that it is not valid where (B.15) is used.

B.2 Approximations for Ce
v and Cm

v

In the evaluation of Ce
v and Cm

v , Debye approximations given by (B.2)-(B.7) are

used as explained in [33]. The resulting expressions are

Ce
v ≈ −

√
k2

t1 − (ν/d)2

cot(th
√

k2
t1 − (ν/d)2)

+
1

2d





k2
t1

k2
t1 − (ν/d)2

− th2(ν/d)2

sin2(th
√

k2
t1 − (ν/d)2)



 (B.17)

and

Cm
v ≈

√
k2

t1 − (ν/d)2

tan(th
√

k2
t1 − (ν/d)2)

− 1

2d





k2
t1tan2(th

√
k2

t1 − (ν/d)2)

k2
t1 − (ν/d)2

+
th2(ν/d)2

cos2(th
√

k2
t1 − (ν/d)2)



 .(B.18)

Debye approximations are found to give accurate results for all values of ν,

hence no other approximations are needed for Ce
ν and Cm

ν . Also it should be

noted that there are no branch-cuts for these equations.
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