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ABSTRACT

IMPROVEMENTS IN DOA
ESTIMATION BY ARRAY
INTERPOLATION IN NON-UNIFORM
LINEAR ARRAYS

YASAR, Temel Kaya
M.Sc., Department of Electrical and Electronics Engineering
Supervisor: Assoc. Prof. Dr. Engin TUNCER

August 2006, 83 pages

In this thesis a new approach is proposed for non-uniform linear arrays
(NLA) which employs conventional subspace methods to improve the direc-
tion of arrival (DOA) estimation performance.

Uniform linear arrays (ULA) are composed of evenly spaced sensor ele-
ments located on a straight line. ULA’s covariance matrix have a Vander-
monde matrix structure, which is required by fast subspace DOA estimation
algorithms.

NLA differ from ULA only by some missing sensor elements. These miss-
ing elements cause some gaps in covariance matrix and Vandermonde struc-
ture is lost. Therefore fast subspace DOA algorithms can not be applied
in this case. Linear programming methods and array interpolation methods
can be used to solve this problem. However linear programming is compu-

tationally expensive and array interpolation is angular sector dependent and

v



requires the same number of sensor in the virtual array.

In this thesis, a covariance matrix augmentation method is developed
by using the array interpolation technique and initial DOA estimates. An
initial DOA estimate is obtained by Toeplitz completion of the covariance
matrix. This initial DOA estimates eliminates the sector dependency and
reduces the least square mapping error of array interpolation. A Wiener
formulation is developed which allows more sensors in the virtual array than
the real array. In addition, it leads to better estimates at low SNR. The new
covariance matrix is used in the root-MUSIC algorithm to obtain a better
DOA estimate. Several computer simulations are done and it is shown that
the proposed approach improves the DOA estimation accuracy significantly
compared to the same number of sensor ULA. This approach also increases

the number of sources that can be identified.

Keywords: Direction of Arrival Estimation, Nonuniform Linear Array, Array
Interpolation, Root MUSIC,
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ARTIKLI OLMAYAN DOGRUSAL
DUZENSIZ DIZILERDE DIZi
ARADEGERLENDIRME ILE GELIS ACISI

TAHMININI GELISTIRME

YASAR, Temel Kaya
Yiiksek Lisans, Elektrik ve Elektronik Miihendisligi Boliimii
Tez Yoneticisi: Dog. Dr. Engin TUNCER

Agustos 2006, 83 sayfa

Bu ¢alismada diizensiz dogrusal dizilerde (NLA), geleneksel alt-uzay al-
goritmalarini kullanan gelig acis1 tahmini yontemlerinin bagarisini artirmak
i¢in yeni bir yontem ileri siirtilmiigtiir.

Diizenli dogrusal diziler (ULA) diiz bir hat iizerine esit araliklarla yer-
lestirilen alici elemanlarindan olusur. ULA, Vandermonde matris yapisina
sahip olup, bu yap1 hizli ¢calisan alt-uzay algoritmalar: icin bir gerekliliktir.

NLA'nin ULA’dan fark: sadece bazi eksik elemanlardir. Bu eksik el-
emanlar kovaryans matrisinde bosluklarin olusup, Vandermonde yapisinin
bozulmasina neden olur. Bu nedenle alt-uzay algoritmalar1 bu durumda kul-
lanmilamaz. Dogrusal programlama ve dizi aradegerlendirme yontemleri bu
problemi ¢ozebilir. Ancak dogrusal programlama islem yiikii agisindan ¢ok
agirdir. Dizi aradegerlendirme yontemi ise agisal bagimhilik gostermesinin

yaninda sanal dizi eleman sayisinin gercek eleman dizi sayisina esit olmasini

vi



gerektirir.

Bu tezde dizi aradegerlendirme yontemini ve tahmini baglangic acilarini
kullanarak, yeni bir kovaryans matrisi tamamlama yontemi ileri stiriilmiistiir.
Tahmini basglangi¢ agilarimin kullanimi, acisal bolgeye bagimliligi ortadan
kaldirip dizi aradegerlendirmedeki en kiiciik kareler hatasini da azaltmak-
tadir. Sanal dizi eleman sayisinin gergek dizi eleman sayisindan fazla ol-
masini saglayan Wiener formiilasyonu gelistirilmigtir. Ayrica diigik SNR
seviyelerinde daha iyi tahminler alinmasini da saglamigtir. Elde edilen yeni
kovaryans matrisi, daha iyi sonuclar almak icin kok-MUSIC algoritmasinda
kullanilmigtir. Cesitli bilgisayar simiilasyonlar1 gerceklestirilmistir ve goste-
rilmigtir ki, 6nerilen yontem ayni sayida elemana sahip ULA’ya gére DOA
tahmininde kaydadeger bir gelisme saglanmigtir. Bu yontem ile ayrica daha

fazla sayida kaynak tespit edilebilmektedir.

Anahtar sozciikler: Gelis Acisi Tahmini, Diizensiz Dogrusal Diziler, Dizi
Aradegerlendirmesi, Kok MUSIC
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CHAPTER 1

INTRODUCTION

1.1 Applications of DOA Estimation with
Sensor Arrays

For a century, importance of finding the arrival angle of a target by using
sensor arrays is preserved as shown in some early studies [1], [2]. A target can
be located only by receiving some kind of signal, or one may call it energy,
from it. This energy may be electromagnetic energy, acoustic wave, seismic
waves, etc. This signal can be radiated directly from target itself (active
target) or this signal may be reflected from target (passive target), where
the signal is emitted from some other known source. Active targets that
radiate energy may be a speaking human being, an earthquake, a cellular
phone, etc. A passive target may be a submarine that reflects the SONAR
pulses, or an aircraft that reflects the RADAR pulse of surveillance RADAR.
This signal is acquired via sensor arrays. These sensors convert the energy,
which is emitted or reflected by target, into the electrical signals. Hence,
there are many sensor types depending on the application, the energy type,
frequency band, etc.

Many applications, such as RADAR, SONAR, seismology, astronomy,
medical sciences, communications, music, speech processing, etc are success-
fully running with the help of these studies that have been conducted and
still being conducted as in this thesis. A few direction of arrival estimation

applications are introduced in following paragraphs to express how broad the



Target Reflection

Airborne RADAR

Clutter

Figure 1.1: Airborne RADAR Example

topic is.

In RADAR applications, electromagnetic signals both transmitted and
received via antenna arrays. RADAR can be airborne, ground or shipped
based but all of them have same principle. Jamming, which appears in mil-
itary application almost all the time, the multipath and clutter phenomena
(Figure 1.1), are the problems that arise in front of the engineers. For further
references one may examine [3].

In radio astronomy usually very large size radio antennas are being used in
large scale antenna arrays, i.e. up to thousands of kilometers for inter antenna
distances [4]. Those structures confront the atmospheric obstacles such as
different kind of layers that cause diffraction, distortion and reflection. Also
movement of earth results in movement of array elements which is another
kind of difficulty.

For speech applications one of the hot topics is to locate a speaker in room
of size small one to a large conference hall, and extract the speakers sound
from all other sound sources and noise in that room by using microphone
arrays located on the walls of that room [5]. Therefore cumbersome process of
passing a microphone from speaker to speaker or ambient noise in background
is of no problem anymore.

SONAR applications can be divided into two main branches. First one
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is active SONAR. This type of SONAR works by sending a known acoustic
pulse under water and listen the reflection by a hydrophone array as in Figure
1.2. Second one is passive SONAR. Passive SONAR just listens the environ-
ment again by hydrophone arrays as in active SONAR. Both type have some
difficulties because underwater environment is different and harsher than air
6].

Seismology deals mostly with constructing the underground image of
earth. An explosion of under control radiates wave along different layers
of earth and reflections are recorded via geophone arrays as illustrated in
Figure 1.3. Usually a specific layer is of interest such as oil reserve, coal re-
serve, special layers that posses fossils etc [7]. This usage has similar idea as
in active SONAR applications. Also detecting the exact location and power
of earthquakes is another usage of geophone arrays. But this system is a
passive one as in passive SONAR systems.

In communication systems, in order to avoid multipath effect and enemy

jamming array antennas are useful due to beamforming capability. Especially
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in satellite communication systems both in ground side and satellite side have
arrays to increase the communication performance and security via enhanced
directivity. Also in wireless cellular communication systems array antennas
improve the system performance significantly [8], [9].

Sensor arrays are widely used in medical imaging especially for ultrasound
applications. Due to complicated structure of human body, observing the lay-
ers of body inherently possesses incredible amount of difficulties. Therefore
sensor arrays with large number of elements are used in this discipline [10]
to resolve ultrasonic reflections from different layers of the body.

As a result sensor arrays have many important applications in almost ev-
ery discipline of electrical engineering. It would be worth to increase efficiency
and decrease the cost of arrays because some sensors like radar antennas, ra-
dio astronomy antennas can cost millions of YTL. Increasing the performance

by more advanced hardware is an option but an expensive option. Software



improvements are so successful that, it is nearly not possible to advance fur-
thermore. So the only option left is to decrease the hardware cost while
keeping the software performance steady as much as possible. Therefore aim
of this thesis is when the unnecessary array elements are removed how to
process available data left effectively in order to keep the degradation of the
performance as low as possible.

In this thesis working with sound that human can hear is chosen be-
cause equipment to be used such as microphones, analog to digital converters
(ADC), digital signal processor (DSP) board is much more convenient than
any other type of equipment. DSP boards and ADC cards are much cheaper
due to low frequency band. Also working with hydrophones, geophones or
antennas would not be practical due to higher mismatch probability of sensor
elements from each other. Additionally it would be easier to predict the flaws
of experiment environment for acoustic waves than electromagnetic or seis-
mic waves. But method proposed in this thesis is applicable to any kind of

sensor array because they all based on same mathematical structure.

1.2 Sensor Arrays and Sources

Before detailed information is presented, it would be better to introduce
the type of arrays and sources that is considered in this thesis.

The sensor array in our discussion is linear sensor array positioned in
x-axis as illustrated in Figure 1.4. Sensors are spaced equally with distance
d in uniform linear arrays and they are spaced integer multiples of d in non-
uniform linear arrays. All sensors are assumed to be calibrated, in other
words they have same amplitude and phase characteristics. Sensors ampli-
tude response does not depend on incoming signals direction, i.e. they are
all omni directional. There assumed to be no reflective object in the envi-

ronment, i.e. there is no multi-path phenomena as in Figure 1.1 also sensors
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Figure 1.4: Uniform Linear Array in x-axis

do not affect each other in any sense. Whole system is linear time invari-
ant (LTT), therefore superposition principle can be applicable for incoming
signals coming from different sources.

For an acoustic source, general equation of a sound wave in three dimensional

space is defined as,

1 9%p(§,1)
Vp(&,t) = EpaT

where ¢ is the speed of sound, ¢ is the (three-dimensional) space coordinate

[11] (1.1)

system, ¢ is time and p(&,t) is the pressure of sound wave at location &
and time . In our discussion, sound sources are assumed to be far enough
that sound waves reach the sensor array as plane waves. This plane wave

is impinging on x-z plane as in Figure 1.4. The solution of the equation for



planar real sound wave is
p(ga t) = Pe_j(‘*’/c)ft + pe—j(—w/c)gt (1.2>

Where w = 27 f is the carrier frequency of the signal in radians per second
and P is the amplitude of incoming signal. Note that there is an implicit
assumption of incoming signal is a narrowband modulated signal around the
frequency w. This point is mathematically clarified later in section 2.1.1.
In this chapter it is sufficient to assume incoming signal is just a complex
exponential at a fixed frequency w. Negative frequency component of p(,t)
is filtered out because it behaves as a virtual source located at negative angle
of positive frequency component.

Data observed (call as yo(t)) from reference sensor, which may be located
at leftmost, rightmost or any other position in array, can be formulated as

follows assuming the negative frequency is filtered out.
Yo (t) = PoeijU)t/C (13)

Data observed from other sensors is just the time delayed version of ref-
erence sensors. This time delay depends not on the coordinates of source but
merely on the source angle (6) with respect to normal of linear array because

of far field assumption that results in planar waves. Hence,
Yk (t) = Pke*jQﬂ'f(t*Tk(e))/C (14)

where 7(0) is the time delay with respect of incoming signal directed from
angle # from reference sensor to k' sensor.
In the following section focus of the thesis is defined based on the array

and sources described in this section.



1.3 Focus of The Thesis

To focus on the subject and simplify the mathematical interpretations,
uniform linear arrays (ULA) are chosen to be starting point for developing
new ideas in this thesis. Uniform linear arrays are defined as sensor elements
positioned on a straight line with equal inter element distances, as illustrated
in Figure 1.4. This structure has a special mathematical advantage that
allows algorithms to be composed of simple matrix operations. In addition
to that, unknown parameter of the problem reduces to single dimension,
which is azimuth of arrival angle. Once the idea is solidified over linear
arrays, it would be probable to extend the idea into non-linear arrays, i.e.
two or three dimensional arrays.

There are some algorithms that require ULA sensor structure, such as
root-MUSIC [12], MUSIC [13], Capon [14]. In addition to those there are
some other algorithms that can work with NLA, while ULA structure is
also acceptable such as ESPRIT [15]. Note that Capon’s algorithm is just
given for reference because it is not a subspace algorithm that this thesis is
based on. Performance analysis of these algorithms with ULA were deeply
investigated by researchers [16], [17], [18], [12]. These well known sub-space
algorithms are so improved for different cases that they nearly stick to the
related Cramer-Rao bound (CRB) [19].

Therefore researchers took another path to further improve the perfor-
mances of subspace algorithms with linear sensor arrays. When some loose
conditions are assumed [20], distributing the array sensors non-uniformly ac-
cording to some criteria, redundant information of uniformly spaced linear
arrays return as new information and higher performance results. The non-
uniform linear array (NLA) term is defined in this context as a ULA with
some missing elements as illustrated in Figure 3.1. There are two major

achievements of NLA, when it is interpolated to same aperture size ULA.



First, since distance between the sensors at two end points is increased com-
pared to ULA that has the same number of elements, capability of resolving
two closely spaced targets is increased. Second, number of targets that can
be estimated by subspace algorithms such MUSIC or ESPRIT is higher than
the ULA case because increase in the aperture size reveals more covariance
lags between sensor elements than in ULA, which has the same number of
elements. More covariance lags increases the dimension of space represented
by the data obtained from inter-element distances. Since number of sources
that can be detected by subspace algorithms is limited by space dimension
spanned by array, NLA can detect more sources than ULA for the same
number of sensor elements.

There are also some drawbacks of this approach. In most of the NLAs
there are some missing information due to wrong placement of sensor ele-
ments or intentionally arranged large aperture size for some other reasons
that is discussed in upcoming chapters. So the space that should be spanned
by array can not be obtained directly due to missing information. If those
missing information somehow can not be estimated successfully, DOA algo-
rithms diverge from the correct solution.

Therefore the problem here can be defined as filling the missing infor-
mation in NLA structures defined above such that NLA can be usable by
subspace algorithms that strictly requires ULA structure. There are some
approaches in literature to fulfil the missing values [21], [20], [22] that require
some burden to user such as linear programming, limitation on distribution of
sources in space. This study proposes an alternative solution for estimation
those missing values with less computational complexity and less restrictions
on the location of sources. In addition to bringing out a solution to the
problem defined above using a NLA instead of ULA provides better perfor-
mance for subspace algorithms, when number of elements in NLA and ULA

are sarne.



CHAPTER 2

DOA ESTIMATION WITH ULA

2.1 System Model

system is described mathematically in this section before mentioning
any kind of DOA estimation algorithms. This mathematical model is valid
throughout the discussion and all algorithms are based on same model and

notations.

2.1.1 Assumptions

Prior to constructing the system there are few important assumptions to
be made for the model. The first one is, sources are assumed to be far enough
to sensor array so that waves impinging on the array are planar waves. The
second one is, system is assumed to be linear time invariant. Third, sources
are uncorrelated with each other. Last one is, noise in the sensor is spatially

and temporally uncorrelated.

Far Field Assumption

Since it is assumed that sources are far enough to sensors, waves imping-
ing upon sensors are planar [23]. Planar waves create just constant phase
difference between consecutive sensor elements that is denoted as 7 in this

chapter.

10



If far field assumption does not hold, i.e. sources are in near field, all
sensors have some additional phase depending on the location of the source.
For this case, coordinate of sources must be taken into account so that the
search extends to two dimensions and it is not be easy to model the system.
If location of the source, which is in near field, is ignored and calculations
are done according to far field assumption, unknown phase degrades the per-
formances of algorithms severely. Fortunately, except for speech applications
that take place in a small room, far-field assumption holds.

Therefore it is reasonable to assume that sources are in far field in this

thesis.

Linear Time Invariance

All parts of the system are assumed to be linear time invariant (LTT). The
system this composed of sources, medium (air, water, solid objects such as
earth, flesh, etc) that a wave travels through, sensor elements (microphones,
hydrophones, geophones, transducers, antennas, etc), cables, contact points
and electronic equipment such as (amplifiers, mixers, demodulators, analog
to digital converters, digital signal processing boards, etc).

LTT assumption significantly reduces the complexity of calculations as in
all other applications of signal processing. Especially for subspace algorithms,
most of the time covariance information of incoming data is the heart of
algorithms, so instead of working with time values just lag values of inter-
elements provide simple matrix computations.

Another important benefit of LTI assumption in DOA estimation is to
use superposition principle for multiple sources. Therefore solving the DOA
problem for one source is no different than multiple sources for subspace algo-
rithms as long as sources are uncorrelated. Correlation of sources is another

point in DOA estimation that is pointed out in the following subsection.
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Correlation of Sources

The presence of coherent sources is an important problem for subspace
DOA estimation algorithms. Coherent sources emerge usually via multipath
effect, clutter and enemy jamming process. These effects appear almost all
the time in real life applications. Several spatial smoothing methods [24],
[25], [26] are developed in order to overcome coherent sources problem.

Along this thesis correlation issue is not the primary concern therefore all
sources are assumed to be uncorrelated unless otherwise stated. In addition

to that, multipath effect and jamming are out of the scope for this discussion.

Noise

Data observed in sensor elements consists of signals and noise compo-
nents. In general signal component includes both the source of interest and
other unwanted sources such as jammer or reflections. So, noise is primarily
the ambient environment noise and thermal noise in all electronic equipment.
The noise is assumed to be temporally and spatially stationary, zero-mean
white Gaussian and statistically independent of the signals term. It is also as-
sumed that there is no correlation between the noises of the different sensors,
ie.,

E{ex(t)ei(t)} = ori(t) (2.1)

where e () is the noise of k' sensor at time ¢.

2.1.2 Uniform Linear Arrays

Uniform linear arrays are defined as sensor elements located on a straight
line with equal inter-element distances d as illustrated in Figure 1.4. The
value of d may vary from the frequency band that is under consideration to
resolution required or to precession required. This value is clarified mathe-

matically in section 2.2.
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Figure 2.1: Cardioid Amplitude Response

Sensors are assumed to be omni directional although in practice this is
not the case. For DOA estimation algorithms using uniform linear arrays, a
source, which is in front of the array, and another source, which is behind
the array and at the same angle, creates same data in the sensors. This
property of linear arrays creates a confliction. So ULA is used for finding
sources that are located in front of the array. It is assumed that there is
no source behind the array. This condition removes the necessity of sensors
to be omnidirectional but they should have a cardioid shape (Figure 2.1) of
amplitude response that can be approximated as half omni-directional. It is
worth recall 2.1.1 that all sensors are linear time invariant.

There are some practical problems about positioning the sensor elements
in their exact location. Actually it is nearly impossible to implement them
precisely due to errors of the machines used in construction. This error

appears as an unknown phase component in calculations. There are some
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methods [27], [28] to overcome these issues but throughout this discussion

all the sensors are assumed to be located at exact positions.

2.1.3 Signal-Model

In order not to introduce new notations and create confliction with DOA
estimation literature, system model developed by Stoica in [29] is summarized
in this chapter according to purposes of the discussion.

Let x(t) is the signal recorded at some reference point. This reference
point can be a sensor in the array or some other location outside the array
but not too far from array that far field assumption with respect to source
still holds.

Until signals are digitized for processing, all signals are continuous real
signals so variable t is a continuous variable.

Time required for planar wave to travel from reference point to &t sensor
is denoted by 7, where k = 1,... m (sensor number in array). Let all sensors
have known individual impulse response as h;(t). And let there is some noise
in each sensor called é€j(¢) that may be thermal noise originated or ambient
noise, as defined in section 2.1.1. Therefore signal in k" sensor can be written
as,

Ur(t) = hi(t) * o(t — 73) + ex(t) (2.2)

where * is the convolution operator. Here z(t) and 7 are unknown. By
estimating time delay value of 7, arrival angle of the source can be estimated
assuming hy(t) and geometry of sensor array are all known.

Up to this point model obtained in (2.2) is not be useful for most of
the algorithms. In order to construct a more useful model, incoming signals
should be narrow band. It is easier to construct this model in frequency
domain. Let Yi(w), Hy(w), Ex(w) and X (w) are the fourier transforms of

Ur(t), hi(t), er(t) and x(t) respectively. (2.2) can be rewritten in frequency

14



domain as,

Vi(w) = Hy(w) X (w)e ™™ + Ey(w) (2.3)

Except for speech applications, energy spectral density of z(t) has a bandpass
characteristics with the center frequency w,., which may be called carrier
frequency. x(t) is obtained from modulation of the baseband signal s(t)
whose fourier transform is denoted by S(w).

Before further advancing, there are few points to be cleared out about
modulation process. Although there is no complex modulated signal in real
life, it is important to introduce it for digital processing of modulated signal
in a computer. If s(¢) is multiplied by e/ S(w) shifts to the right in

frequency spectrum while w, > 0.

S(w) = /_ " se (2.4)

[e.9]

+00 +0o0
= / s(t)elete Il dt = / s(t)e M@t dt = S(w — w,) (2.5)

After complex modulation, signal becomes complex valued because sym-
metricity of power spectrum is vanished. Since modulated signal in real

life has even spectrum X (w) should be in form as,
X(w)=5w—w:) + S (—(w+w)) (2.6)

Demodulation process can be done via multiplying x(¢) with e™7*<!. That
results in S(w) + S*(—w — 2w) which is shifted version of X (w) to left in
frequency domain. This signal has two components, which are baseband S(w)
and bandpass component S*(—w — 2w). As putting these information into
the (2.3), following form of sensor output is obtained in terms of modulated

signal in frequency domain,

Vi(w) = Hp(w)[S(w — we) + S*(—w + we)]e 7™ + Ej(w) (2.7)
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demodulate g5 and obtain g as,

Je(t) = ge(t)e 7 (2.8)

In frequency domain,

Vi(w) = Hi(w + w)[S(w) + S*(—w — 2w,)]e @™ 4 B(w+w.)  (2.9)
Pass Yj(w) through a low-pass filter to eliminate higher frequency term

S*(—w — 2w,) term and obtain,
Yi(w) = Hi(w + w)S(w)e @)™ L B (w + w,) (2.10)

where Hj(w + w.) and Ej(w + w.) are low-pass components of Hy(w + w.)
and Ej,(w + w,) respectively.

Now narrowband assumptions takes its place as, |S(w)| decreases rapidly
with increasing |w|. To make this assumption valid following conditions
should be met [30],

BW x AT, < 1 (2.11)

BW is the bandwidth of s(t) and AT,,,, is defined as,
AT, 0w 2 max 1{ATnm} (2.12)

where AT,,, is the travel time of incoming signal between n** and m* sen-

sors. Hence (2.10) can be realized as,
Yi(w) = Hy(w)S(w)e 7™ + B (w + w,) (2.13)

There is an implicit assumption of sensor array frequency response is flat
around w, i.e. Hi(w + w.) = Hi(w.). When the inverse fourier transform of
(2.13) taken,

yr(t) = Hy(we)e 9 s(t) 4 ex(t) (2.14)
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can be obtained while ex(t) is assumed to be inverse fourier transform of
Ei(w+w,.) which does not effect the calculations of DOA algorithms following
in this chapter.

In order to obtain y vector that contains recorded data of sensor elements,

steering vector a is defined as follows,
a(f) = [Hi(w) e_iwm...Hm(wc)e_i“’”m]T (2.15)

Transfer functions of sensors and geometry of array is known. So 7, ..., 7,
contain the information of arrival angle and they are functions of . That
explains why is a is function of 6. This is clarified later. Note that since all
sensors are assumed to be omni-directional as defined in section 2.1.1, Hi(w)

are independent of . Now 2.14 can be written in vector form as,

y(0) = a(0)s(t) + e(t) (2.16)
where

y(0) = (). ym®)]" (2.17)

e(f) = [el(t)...em(t)]T (2.18)

When all sensors are assumed to be identical and first sensor is taken
to be the reference point, steering vector can be transformed to following
equation,

a(f) = [1 e ™em o7 WeTm 1] (2.19)

For multiple sources define the steering matrix A
A= [a(‘91>7 ) a<9n)] (220)

Since it is assumed that the system is an LTT system, superposition prin-

ciple can be used as,

y(t) = [a(6h),...,a(0,)] C | +et) 2 As(t) +e(t) (2.21)

17



Incoming Planar Wave

A

Figure 2.2: Planar Wave Impinging on ULA

where

0, = DOA angle of k™ source (2.22)
sp(t) = Signal of k" source (2.23)

7 depends on the shape of incoming wave (spherical, planar, etc.), sensor
positions (ULA, NLA, circular, triangular, etc) and DOA angle of sources.
From the Figure 2.2 75, can be calculated for ULA as,

Tk:(l{?—l)

dsin(6
S g ¢ 1-90,90] (2.24)
c
¢ is the propagating velocity of wave (acoustic, electromagnetic) and d is
distance between sensors.

Define a new variable w; as,

dsin(6
oy = w, 25100 (2.25)
c
so the steering vector can be rewritten as,
a(f) =[1, e7dwst... erdws(N-DIT (2.26)
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This is analogous to time domain sampler. So, in order to avoid aliasing

Nyquist sampling theorem should be considered.

wy| < 7 (2.27)
dsin(0)| (2.28)
- < .
‘%fdsm(e) < 7 (2.29)

C
dsin(6) 1
< = .
R < 5 (2.30)
, A
d|sin(0)] < B (2.31)
d < % 6 € [—90,90] (2.32)

d can be called as spatial sampling period. It should be smaller than the
half of the incoming wavelength.

Note that this rule can be loosen if one can be sure that incoming signals
DOA angles are limited in narrower region than [—90,90], if it is [—6., 6,]

value of d increases as follows,

A
< — U,y Ux 2.
42 gy 0 € 00 (2.33)

This information is useful especially in estimation of Signal Parameters via
Rotational Invariance Technique (ESPRIT).

2.2 Algorithms

Although root-MUSIC algorithm is the primary subject of this thesis,
other DOA estimation algorithms, beamforming, Capon, Spectral MUSIC,
ESPRIT, are introduced in basic level just to give an insight of common

types of DOA estimation algorithms.
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Note that all algorithms run on a DSP board or in a computer, so finite
data estimates of covariance matrices require sampled data. Therefore it
is assumed that sampling operation is completed and all signals used for
construction of covariance matrix estimates are in discrete domain. Instead

of variable ¢, variable n is used when required.

2.2.1 Non-Parametric Algorithms

Non-parametric DOA estimation methods do not require any restriction
of covariance matrix of data. Array work as a spatial finite impulse response
(FIR) filter in tapped delay line structure.

Define the tap weights as,

h=T[ho,...,hpm1]" (2.34)
The output of the sensors defined as,
y(t) = a(0)s(t) (2.35)
Here the output of the system is
yr(t) = [h*a(0)]s(t) (2.36)

(2.36) shows that by adjusting the tap values {h}}";, h*a(f) term can be
changed in order to amplify or filter out the signal coming from angle 6.
Define R as,

R =E{y(t)y" (1)} (2.37)
and power of the system output as,

E{lyr(1)]’} = h"Rh (2.38)

So, since h is adjusted for the desired 6, 2.38 gives the power of signal at that
direction. By using this idea beamforming and Capon algorithms is going to

be introduced in the following subsections.
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Figure 2.3: Tapped Delay Line Structure Spatial Filter

Beamforming

Beamformer design is based on following criteria,
mhin h*h subject to h*a(d) =1 (2.39)
while a(f) is normalized as,
a*(0)a(d) =m (2.40)
y(n) is assumed to be spatially white, i.e.
E{y(t)y" () =R =1 (2.41)

E{lyr(t)]?} = h*"Rh = h*h (2.42)
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Hence idea is to suppress signals coming from all directions except passing

the signal coming from 6 undistorted. Solution to optimization problem is,

h= (2.43)
Inserting (2.40) into (2.43) h becomes,
h = a) (2.44)
m
When (2.44) is inserted into (2.38),
Blyr()) = SO0 (2.49)
m
In practice R can be just estimated from the finite data as,
.1
R= 1 vy (o (2.46)

where NV is the number of snapshots. Since # term is just a useless constant,
“The beamforming DOA estimates are given by the locations of the n highest
peak of the function,”

a*(0)Ra(0) (2.47)

Capon

Capon method uses a similar optimization constraint with beamforming
method. In Capon approach h is found in a data dependent way while
beamforming is independent of data. Capon partial filter is designed as
follows,

m}}n h*Rh subject to h*a(f) =1 (2.48)

So capon filter passes incoming signal coming from 6, attenuates any other
signal coming from direction different than 6, while beamforming just atten-

uates any other angle even there is no signal out there.

22



Solution of 2.48 is,
R !a(0)
~ a*(0)R'a(0)
When it is inserted into system equation, output power of y(n) is as follows,
1
a*(f)R-'a(0)

(2.49)

E{lyr(n)[*} = (2.50)

By using finite sample data “Capon DOA estimates are obtained as the
locations of the n largest peaks of the following function”,

LR 2.51
a*(f)R-ta(0) (251)

2.2.2 Parametric Subspace Algorithms

Spectral MUSIC

Mathematical derivation of MUSIC algorithm is presented in this sub-
section. Steering vector used for constructing the steering matrix A is as
follows,

a(f) £ [1 edws . e dm=DesT (2.52)

(mx1)

where w; is defined in (2.25)
A =(a(bh)...a(0n)](mxn) (2.53)

m is the number of sensors. Note that matrix A is a Vandermonde matrix
[29] which has useful properties. One of the properties that a Vandermonde

matrix has is,
rank(A) = min{m,n} where 0, # 0,k # p (2.54)

In ULA, the case where m < n, i.e. number of sources is greater or equal
than sensor number, is not applicable. But for a NLA source number can be

equal or greater than sensor number. This case is defined as superior case
20].
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As sensor inputs defined previously in (2.21), the covariance matrix of

y(t) can be derived as,

Roxm = E{y(t)y" (1)} (2.55)
= E[As(t) + e(t)][s"(t)A" + e*(t)] (2.56)
= AE{s(t)s*(t)}A* + 0’1 (2.57)
Note that,
Sl(t) g1 0
Bl |0 s = op (2.58)
sp(t) 0 o2
where
E{s/(t)si(t)} = E{ame?® el ayel?teltm} 2.59)
= Oégakej(ﬂzigk)n5gjk (260)
As a result expression for R can be obtained as follows,
R = APA* + 0’1 (2.61)

Since rank(APA*) = n, APA* term as has n strictly positive eigenvalues,

the remaining (m — n) eigenvalues are all being equal to zero.

Let {A\; > ... > A\, } be the eigenvalues of R in non-increasing order and

{s1,...,8,} be the eigenvectors of {Aq,..

eigenvectors of { A, 1,...

uniting all of these equations,

)\kZS\k—I—O'Q
)\k>0'2

)\k:O'

S At and {g1,...
,Am}. Remember that E{e(p)e(k)} = 02,5 By

, Gm-n} be the

C k=1,....m (2.62)
, k=1,...,n (2.63)
. k=n+1....m (2.64)
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Figure 2.4: Roots of (2.73)

For these two groups of eigenvalues there are two groups of eigenvectors

S = [Sl, c. 7Sn](m><n) (2.65)
G = [gla cee 7gmfn](m><(m—n)) (266>
From (2.61),
)\n—i—l
RG =G = 0’G = APA*G + ¢°G (2.67)
Am
APA*G =0 (2.68)

Since AP has full rank, A*G = 0. Mathematically column space of G is the
null-space of A
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Spatial frequencies {wy }}_;, which are being looked for, are the only solutions

of the following equation,
a*(0)GG*a(f) =0 for m>n (2.71)

This is the point where one must have to make a choice, Spectral-MUSIC
or Root-MUSIC. Root-MUSIC algorithm is given in the following section
continuing from this point.

DOA estimates of spectral MUSIC is the n highest peaks of function,

1
a*(0)GG*a(h)

(2.72)

Root MUSIC

Instead of 6 in steering vector, by switching into z-domain (2.71) can be

rewritten as,
a*(z71)GG*a(z) =0, a(z)=[1,z7%,...,z-(m=U]T (2.73)

Spatial frequency candidates are angular positions of the subset of n pairs of
reciprocal solution. True solutions are the ones which are nearest to the unit
circle. An example of reciprocal roots of (2.73) for two sensors and one source
is given in Figure 2.4. Here the angular value of the root that is closest to

the unit circle is given as #. DOA of angle can be calculated by using (2.25).

ESPRIT

ESPRIT can only be used when array has two identical subarrays which
are departed from each other by a known displacement vector A [15]. An
example of six sensor with two subarrays consisting of four sensors of each is

given in Figure 2.5.
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Q : Elements of subarray 1
© : Elements of subarray 2

Figure 2.5: Sensors Positioned Suitable for ESPRIT Algorithm

Steering matrix A is parted into two matrix A, As as,

A

Aq

Ay

Ay

Note that 7,0 = Ty +

Incoming Planar Waves

Ay
As

e~ JwoT1i1

efijT'ml

e~ JwoTq;

e_ijT'rhl

_ AD

A cos(6,
c
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efjonmL

e~ JwoTiy,

e~ IwoTmL

). Therefore D can be found as follows,

(2.74)

(2.75)

(2.76)

(2.77)



. cos . cos(6yp)
DL><L — diag <6_]"”0A‘ 261) L 76—onA4 cez > (278)
D has L eigenvalues denoted as Iy, =1,..., L
cos(6y)

arg(ly) = —wpA (2.79)

Therefore {0,}%_, can be determined from (2.79).
Unfortunately there is no explicit knowledge of Ay, As and D. Instead,
from the singular value decomposition (SVD) of incoming data correlation

matrix estimate S, i.e. the eigenvector estimation of signal space, can be

S = [ 51 ] (2.80)

obtained.

To find eigenvalues of D

A ... 0
RS=S| : . : | =APA*S+s°S (2.81)
0 ... M\
)\1 - O'2 ce 0
S = A(PA*SA™?) where A = ; : (2.82)
0 Ap — 02
Define a new transformation matrix as,
C £ PA*SA? (2.83)

Therefore S; can be written in terms of S, as follows,
S; = A,C=A;DC=S,C"'DC=S5,® (2.84)

where ® is defined as,
2 C'DC (2.85)
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Because of their Vandermonde structure, A; and Ag are of full column rank.
Hence S; and S, are full column rank. As a result ® can be uniquely defined
as,

® = ((S7S1) 7815z (2.86)

Since ¢ can obtained from D by a similarity transformation (2.85), ® and D
have the same eigenvalues. Arguments of those eigenvalues contain the angle

of arrival directions that can extracted from (2.79).

2.2.3 Cramer-Rao Lower Bound

Several studies were conducted about CRB of DOA estimation algorithms
131], [32], [33], [34], [35], [36]. Closed form of CRB for DOA algorithms that
is used in the simulations was derived in [19]. This is a simple closed form
expression for CRB(f) that is used in this thesis.

Correlation matrix estimate R and steering matrix A are as they are in
(2.61) and (2.20). P is the signal covariance matrix, o is the variance of the
sensor noises and N is the number of snapshots.

Define unknown variable vector @ (arrival angles of incoming signals) as,

0=2100,,...,0,)" (2.87)
D is defined as,
D =[d,,...,d,] where dj = djz(eik) (2.88)
and IT7 is defined as,
IT; =1 —TI, where IT, = A(A*A)'A* (2.89)

According to [37] depending on the signal s(t) analysis splits into two direc-
tions.

Det: {s(t)} is a deterministic, unknown sequence
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Sto: {s(t)} is a random sequence that is circularly Gaussian Distributed

with mean zero and covariance,
E{s(t)s*(7)} = Pd,, (2.90)

P is finite data estimate of P as follows where N is the number of snapshots,

R 1 .
P = > s(t)s*(1) (2.91)

t=1

By using the notation defined above CRBp¢(#) and CRBg;,(6) derived as

follows.

CRBpu(0) = %{Re(D*HjD)@PT}‘l (2.92)

CRBs,(0) = %{Re(D*HjD)@(PA*R’IAP)T}’l (2.93)

where ® is the Hadamard-Shur product.

Although the signal is finite sequence it was created on the basis of cir-
cularly Gaussian Distributed and in order to make comparison with different
graphics, reference graph i.e. CRB should not change with different incom-
ing data of each simulation. Hence in the simulations, stochastic CRB is

preferred to be used.
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CHAPTER 3

DOA ESTIMATION WITH NLA

In subspace methods main interest is the sample correlation matrix of the
sensor data. Once the correlation matrix obtained, algorithms may imme-
diately be applied without any further information about incoming signals.
Ideally this correlation matrix should be positive definite (p.d.) Toeplitz and
Hermitian Symmetric. Therefore knowing the one row of this correlation
matrix theoretically should be sufficient for purposes of this discussion but
in practical cases it is not. Nevertheless it may be sufficient to estimate one
row, by conducting some operations on the available data.

In order to serve our purposes in this chapter, first the term co-array
is explained with various examples. Second, the types of linear arrays are
introduced along with their corresponding co-arrays. In last section, methods

available to use NLA in DOA estimation are given.

3.1 Co-Array

Assume an N element ULA. All possible pairings of elements are listed in
Table 3.1.

Total number of pairings is N(v-1)

5 as seen from summation of first column

in Table 3.1. In order to express number of available pairings of an array a
concept 'co-array’, which was first used by Haubrich [38], is used.
Co-array shows the recurrence number of each lag in a correlation matrix.

In Figure 3.1 a graphical example of a NLA is given, where sensor positions

31



Recurrence of Lag | Lag Distance
N 0
N-1 1
N-2 2
1 N-1

Table 3.1: Recurrence of Lags

are defined as dg = [0, 1,4, 10, 15,17].

In Figure 3.1 numbers on the arrows indicate the distance between that
pair of sensors. Note that distances 8 and 12 do not exist in Figure 3.1.
Those are the missing covariance lags. Another important thing is all lags
occurred only once, except the lags that do not ever occur. This type of
array is classified as non-redundant linear array later in this chapter.

Note that the value co-array at lag zero is equal to number of sensors in
array. An example of co-array for ULA is given in Figure 3.3.

Some more examples on co-array are given, as new types of NLA intro-

duced, later in this chapter.

3.2 Array Types

Arrays can be classified according to structures of their co-arrays. Mainly
there are two points to consider, gaps (holes) and redundancies in co-array.
In Figure 3.2, lags 8 and 12 are the two gaps of corresponding co-array.

Redundancies are elements of co-array that occur more than once.
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Figure 3.3: Co-Array Scheme ULA
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Figure 3.4: Co-Array Scheme Optimum NLA

3.2.1 Optimum Arrays

Optimum array is defined as array which has a co-array that has no gaps
and no redundancy except at zero lag. This kind of array is available only
up to four element sensor arrays. For more than four sensors there are only

suboptimum arrays. An example of an optimum array is in Figure 3.4.

3.2.2 Sub-Optimum Arrays

Suboptimum arrays have either some gaps or redundant elements or both
gaps and redundant elements. Leech [39] defined minimum redundant arrays

as "redundancy is minimized under the constraint that the structure still
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Figure 3.5: Co-Array on top is a restricted minimum redundant array, co-

array at bottom is an unrestricted minimum redundant array.

provides a co-array that is contiguous”.

Non-redundant arrays as its name implies there is no redundant element
in the co-array, but as its definition, this does not have strict structure.
Actually by saying non-redundant arrays, optimum non-redundant arrays are
implied which has the "minimum-hole “constraint besides "no redundancy’

constraint.

Min Redundant Arrays

Definition of Leech [39] results in two further subclasses. If gaps are not
allowed in co-array, this type of arrays is called restricted minimum redundant
arrays. If the maximum number of contiguous estimates are required, while
the gaps in co-array allowed, this type of minimum redundant arrays are
called unrestricted minimum redundant arrays. This two subclasses of arrays,
introduced in Leech [39], are illustrated in Figure 3.5. A short version of
Leech’s minimum redundant array is given in Table 3.2. M is the number of

sensor elements and d is the positions of sensor elements.

Non-Redundant Arrays

As defined earlier non-redundant arrays have minimum number of gaps
while keeping the redundancy zero. In our discussion, these kinds of arrays

are the ones, those missing co-array values are to be interpolated. An example
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Table 3.2: Summary of Leech’s Suboptimal Min-Redundant Sequences

M|d
Restricted
5/0 1 4 7 9
6|0 1 2 10 13
710 1 2 10 14 17
810 1 2 11 15 18 21 23
910 1 2 14 18 21 24 27 29
10(0 1 3 13 20 27 31 35 36
1110 1 3 6 13 20 27 34 38 42 43
Unrestricted
510 3 4 9 11
60 4 6 13 16
710 6 9 10 17 22 24
810 8 18 19 22 24 31 39
910 1 2 14 18 21 24 27 29
1010 16 17 28 36 42 46 49 51 73
1170 18 19 22 31 42 48 56 58 63 91

of non-redundant array and its co-array is given in Figure 3.2. More detailed
list is provided by Sverdlik [40]. A part of his list is given in Table 3.3. M is

the number of sensor elements and d is the positions of sensor elements.

Additional information should be added here, in order to be used in next

chapter, where line interpolation methods are used. For the sake of interpo-

lation there is difference between interpolating two consecutive gaps and two

gaps apart from each other. For the sensor number of six, two non-redundant

arrays are illustrated in Figure 3.6. Array on the top has two consecutive
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Table 3.3: Summary of Sverdlik’s Suboptimal Non-Redundant Sequences

M| d

310 1 3

410 1 4 6

510 3 4 9 11

6/0 1 4 10 12 17

710 1 4 10 18 23 25

810 7 10 16 18 30 31 35

910 2 10 24 25 29 36 42 45

1000 1 6 10 23 26 34 41 53 55
1110 3 14 16 20 41 48 53 63 71 72
1210 2 6 24 29 40 43 55 68 75 76 85

gaps while array in bottom has two gaps apart from each other. Although
arrays in Figure 3.6 has the same number of sensors and designed with the
same criterions it requires attention to make a choice between them because

they perform quite differently during the line interpolation process.

3.3 Covariance Matrix Augmentation
Methods

Before starting the matrix augmentation methods, it is useful to classify
arrays as Abramovich [21] did. This classification is useful for deciding which
type of augmentation method to choose.

There are two main groups of this classification. First one is fully aug-
mentable arrays. Second one is partially augmentable arrays. In fully aug-

mentable arrays co-array has no missing values, i.e. there are no gaps. There
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Figure 3.6: Co-Array on top is a non-redundant array with consecutive gaps,

co-array at bottom is a non-redundant array with separate gaps.

may be some redundancies. Optimum arrays and restricted minimum redun-
dancy arrays defined previously belong to this group.

For partially augmentable arrays, co-array has some missing values there-
fore there exist some missing diagonals in correlation matrix. Unrestricted

minimum redundant arrays and non-redundant arrays are examples of this

group.

3.3.1 Fully Augmentable Arrays

Theoretically correlation matrix of sensor data should be Hermitian sym-
metric and p.d. Toeplitz. Therefore knowing one row or every possible lag in
correlation matrix is sufficient to complete it if that value is the correct one.
Almost always that value is merely the average value of finite data correla-
tion value, i.e. statistically it is not the correct value but just an estimate
value.

Direct augmentation approach (DAA) [22] is a simplest way to fill cor-

relation matrix of fully augmentable arrays but it has some drawbacks that
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become obvious after mathematical derivation of DAA. Let M element NLA
sensor positions are d = [0,da, ds, ..., dy]. D is the difference set of sensor
positions defined as D = {d; — di|j, k = 1,...,M;j > k}. d is the greatest
common divisor of the set D. When measured in units of d, d can take only
integer values. d x (M, — 1) is the maximum inter-element distance. « is a
natural number set defined as k = {1,...,dy = (M, — 1)}. For a co-array
that has no gaps (holes) kd € D, i.e. that NLA has complete set of covariance
lags. dy variate Toeplitz covariance matrix is T = Toep[t,—;_;|™,. Let,

~

S = K :t, is specified (3.1)
S = k:t, is unspecified (3.2)

tx (k € 9) is obtained via DAA as,
. e Rid(k,dy — dy)

tj—k:/{ — M

Zj,k::l 6(’€7 dj - dk)
Each diagonal has some value and that value is found by averaging avail-

(3.3)

able data. Since every diagonal at least has one value it is possible to augment
covariance matrix fully.

But as mentioned previously there would probably be some problems
about positive definiteness of T. Assume one of the diagonal has only one
value and that value is larger than the average of main diagonal due to some
noise or some finite data effect. So after averaging operation that diagonal
has a larger value than main diagonal. This ruins the positive definiteness of

matrix. So this effect should be included or at least expected in simulations.

3.3.2 Partially Augmentable Arrays
Linear Programming

In the literature there exists only one approach to fill the correlation

matrix of the partially augmentable arrays [21]. Problem formulated as an
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optimization problem. Cost is defined as entropy of the correlation matrix
T, which is obtained after DAA.

1
H= 5 log(det T') (3.4)

Then starting from an initial feasible point missing values are iterated. Prac-
tically finding an initial feasible point is also another problem. Ellipsoid al-
gorithm approach was recommended in [21] and [20] for this purpose because
of its simplicity and sufficient performance. Linear programming was done
by Newton’s method assuming that there are no local optimum points. But
in stochastic case it is mentioned that convex surface is not guaranteed so
instead of the global optimum point, algorithm may stop at a local optimum
point.

Therefore this method possesses some difficulties. First of all, since initial
correlation matrix is an estimate of real correlation matrix from a finite
sample data obtained with additional noise in sensors, it may not be possible
to find an initial feasible point. Another point is, algorithm may not converge
to global optimum point since convexity of cost function is not guarantied.
In addition to those problems, this approach requires high computational

power due to nature of linear programming.

Line Interpolation Methods

This method is actually a substitute method used in our discussion to
help finding an initial point. It is not always expected to give a feasible
solution but it is just enough to proceed into the method proposed in this
thesis.

First, correlation matrix filled with DAA and diagonals are averaged as
defined in (3.3) previously. Then first row of correlation matrix is interpo-
lated with a method such as ’spline’ or some other line interpolation methods.

Note that this method should not be an approximating method which also
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affects the available data. After the interpolation, first row is used to con-
struct full correlation matrix, knowing that the correlation matrix is Toeplitz
and Hermitian symmetric.

This approach is computationally light but it gives just a rough estimate
of missing covariance lags in correlation matrix. So using this method alone,

does not give satisfactory results.
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CHAPTER 4

PROPOSED METHOD

4.1 Introduction

Array interpolation technique is widely studied in literature. Array in-
terpolation in DOA estimation is first used in [41] for high resolution estima-
tions. Interpolation of irregular shaped two dimensional array into a desired
structure such as ULA, for a known limited sector, is considered in [41]. One
of the important application is to convert an array manifold to a uniform
linear array (ULA) form in order to take advantage of the Vandermonde
structure, which allows the use of fast subspace methods [42].

Also for wide-band incoming signals there are plenty of studies such as
Friedlander did in [43]. Main idea is to create virtual array for different
frequency bands by interpolating the real array structure. Then adding up all
covariance matrices belong to different virtual arrays, i.e. arrays for different
frequency bands and use well known subspace DOA estimation methods by
eigen decomposition of this composite correlation matrix. If virtual arrays are
chosen to be ULA, as in this thesis, Root-MUSIC algorithm can be directly
applicable.

Array interpolation technique are further improved in [44] for bias mini-
mization and reducing DOA mean square error. This approach is based on
rotating errors and noise subspaces into optimal directions.

For all above studies a mapping matrix, which is be called T along this

thesis, is used for interpolation the real array into synthetic array. This
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mapping matrix requires the solution of a linear equation which may be
ill-conditioned in certain cases [45]. A further difficulty is the requirement
to define an angular sector where all the sources are assumed to be inside.
As the angular sector widens, the mapping accuracy decreases due to the
least-squares solution of the mapping equation. In our discussion, the above
two problems are eliminated by considering first a Wiener formulation of
the mapping relation. This solution improves the condition number of the
mapping matrix. In addition, mapping accuracy improves for noisy obser-
vations. In order to remove the dependency on an angular sector, an initial
direction-of-arrival, (DOA), estimate is used. Since the source angles are
employed in the mapping matrix, the proposed approach can handle sources
with arbitrary angular directions.

Covariance matrix augmentation techniques are well known in the liter-
ature [22], [20]. Direct augmentation approach (DAA) [22], has certain lim-
itations especially for medium SNR levels [21] and it is proposed mainly for
fully augmentable array structures such as restricted minimum redundancy
arrays.

In this context, our focus is on the partially augmentable arrays and
therefore non-redundant arrays are considered. It is possible to find locally
optimum augmentation techniques [21] for such arrays but they are compu-
tationally expensive and as the number of missing covariance lags increases
the search for linear programming increases. Proposed approach uses an
initial estimate of the source DOA, and further improves this estimate by
using the array interpolation technique. The computational complexity for
this initial estimate is less than the approach in [21] is assumed and well
worthed when the improvement in DOA estimation is considered. The miss-
ing covariance lags for the initial estimate can be augmented by employing a
variety of approaches such as zero insertion, or spline interpolation, which is

mentioned in section 3.3.2. Once this initial estimate has been obtained, this
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estimate is used in the array interpolation technique to obtain a mapping
matrix which returns an estimate of the full array covariance matrix when
the sample covariance matrix is given.

In this thesis, the conventional case for the number of sources, namely the
number of sources is less than the number of sensors, is considered. However
it is possible to modify the same approach for the superior case as it is in
[20] and to illustrate this case few simulation results are given in section
5.2. Several simulations have been conducted and these experiments show
that the proposed approach improves the DOA estimates significantly for

nonuniform linear arrays.

4.2 Problem Formulation

It is assumed that NLA has M sensors located at integer multiples of half
the wavelength, A/2, with sensor locations as d;, i = 1, ..., M. Furthermore
the inter-sensor distances is incomplete and L element co-array has missing
covariance lags. It is assumed that the source signals, si(t), are Gaussian
distributed and they are uncorrelated. Arrival angles of sources are expressed
in vector form as, @ = [0y, ..., 0,] where 6}, is the DOA of the k" source. Then

the received signal for narrowband signals can be modeled as,
y(t) = A(0)s(t) +v(t) (4.1)
where A(6) = [a(6)),...,a(6,)] is the manifold matrix for NLA, s(t) is the

zero-mean source vector as s(t) = [s1(t), ..., s,(t)]T and v(t) is the additive
white Gaussian noise with Ry = ¢2I. The sample covariance matrix is given

R= >3y’ (12)

The problem is to estimate @ given N independent snapshots. Main con-

centration is the DOA accuracy for NLA and focus is the improvement of
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DOA estimates. The improvement on DOA estimate depends on the covari-
ance matrix. Since we have a sparse array, it is required to find missing
covariance lags and obtain the M, x M, covariance matrix estimate of the
M -element uniform linear array. If the covariance matrix estimate is suf-
ficiently accurate, it is expected to have a better performance compared to
the conventional processing for NLA. In this respect, performance of the

proposed approach with the uniform full array is compared.

4.3 Array Interpolation

In array interpolation, a mapping matrix T is used [41] to obtain data
from a virtual uniform linear array when the data from an actual array is
given . In order to have an accurate mapping (or interpolation), the number
of actual sensors is usually selected larger than the virtual array elements.
Furthermore mapping is devised only for an angular sector [, 0.] where the
sources are assumed to be located. Let A,(6) and A,(f) be the manifold
matrices for the angles in the angular sector for ULA and NLA respectively.
M, x M mapping matrix [42] designed for the best square fit between range

spaces of these two manifold matrices is

T = A,(0)A,(0)" = A (O)AL(0)(A,(0)Az(6)) (4.3)

where A,(0)! is the Moore-Penrose pseudo-inverse. Both A, () and A,(f)
are built by dividing the angular sector [0y, 0,] into A intervals. 6, = iA0
and a source is assumed for each 6;,7 = 1, ..., %4—1. Since T is found as the
least squares solution, as the 6. — 6, increases, the accuracy of the mapping
decreases. On the other hand, there is no information regarding the source
direction a priory and it is desired to keep 6. — 6, as large as possible to
cover the most of the looking directions. This contradiction is one of the

limitations of array interpolation.
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Another problem in finding T is the condition number of A (6)A*(6).
This matrix may be ill-conditioned for certain angular sectors [45]. In such
a case, an approximate solution is sought as in [45]. In the following part,
the Wiener formulation for the solution of this problem is presented.

Given y = A(6)s + v of the NLA it is required to find § = A(6)s of the
ULA. If error defined as e = § — Ty and find the MSE optimum solution for

T, following equation can be obtained,

T = A, ()R,A:(A)[A,(OR,AL() + R, (4.4)
Assuming R, = 02T and R, = 021,

T = 0?A(0)A1(0)[0?A, (9)A%(6) + 021 (4.5)

When the mapping matrix formulations in (4.3) and (4.5) is compared,
the similarities as well as the differences become obvious. The Wiener so-
lution in (4.5) performs better at low SNR compared to (4.3). In addition,
021 in (4.5) improves the condition number of the matrix inverse and matrix
inverse always exist and well-defined especially at low-to-medium SNR levels

which is the range for practical applications.

4.4 Covariance Matrix Augmentation
and DOA Estimation

In the previous section, array interpolation was described and the Wiener
formula was presented for the mapping matrix T. Assuming that an initial
estimate for DOA 0 = [04,0,, ..., 0,] is available, the T matrix is constructed

by considering narrow sectors for each 6;, namely [0; — 0.,0; + 6.]. These

sectors are divided into MZG;M parts or 0, =6, — 0, + z% This type of
construction for A4(f) and A4(0) results full row rank matrix in order to

have a well-defined pseudo-inverse.
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Once T is constructed, M, x M, augmented covariance matrix R, is

estimated from the M x M sample covariance as,
R, = TRT* (4.6)

As the post processing step, redundancy averaging is used as in [46] to gener-
ate a Toeplitz matrix. The complete procedure in order to have an improved
DOA estimate is summarized below.

Stepl: Given y(n), estimate an augmented covariance matrix by DAA and
obtain a Toeplitz matrix by redundancy averaging. As an option, use spline
interpolation in order to fill the missing covariance lags.

Step2: Use the covariance matrix found in Step 1 and find an initial DOA
estimate by assuming that the number of sources is known. In our case,
Root-MUSIC is used for this purpose.

Step3: Given 6 from Step 2, construct T from (4.5) and as explained in
sections 4.3 and 4.4.

Step4: Find R, from (4.6) and use Root-MUSIC by employing R, to find
the improved DOA estimate.
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CHAPTER 5

PERFORMANCE EVALUATION OF
THE PROPOSED METHOD

The proposed approach for the improvement of DOA estimation in sparse
arrays is implemented by considering a six element non-redundant partially
augmentable NLA with sensor locations as dg = [0 1 4 10 12 17] [21].
In order to show that different gap positions create different performances,
array of dg = [0 1 4 10 15 17] is used in Figure 5.21. Root-MUSIC
algorithm is chosen to be the subspace algorithm that uses the augmented
covariance matrix.

There are two missing covariance lags for the NLA dg. Performance of
this NLA is compared with both six and eighteen element ULAs. In addition,
CRB [19] is used for these full arrays in order to see the theoretical limits
for Root-MUSIC algorithm. Proposed algorithm denoted as CA-AI. Full ar-
ray performances are indicated by FA-6 and FA-18 for the six and eighteen
element ULA respectively. CRB plots are CRB-6 and CRB-18 for the cor-
responding ULA’s respectively. The sources are generated equal power and
they are uncorrelated with each other. Source signals are Gaussian processes
and noise is a white sequence as defined in subsection 2.1.1. Each experiment
is the average of 500 trials. And the number of snapshots is chosen to be

1000 unless otherwise stated.
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5.1 Conventional Number of Sources

For the conventional case, subspace algorithms that use M element ULA
can identify at most M — 1 uncorrelated sources. Therefore for dg up to five
sources are considered as the conventional case. Beyond five sources, the case

is called superior case which is illustrated in section 5.2.

5.1.1 Omne Source

Figure 5.1 shows the results of the above algorithms for a single source
at 60 degrees. As it is seen from this Figure, proposed approach performs
significantly better compared to the same number of ULA (namely FA-6),
indeed close to the full array performance, FA-18.

In Figure 5.2 one source is swept from one endfire to other endfire. This
experiment displays general angle dependent characteristics of linear arrays

which has higher error at endfires, lower error at broadside.

5.1.2 Two Sources

Figure 5.3 shows the performance of the algorithms when one source is at
90 degrees (broadside) and the second source is swept from 10 to 89 degrees.
SNR is set to 20 dB. The performance of the proposed approach is better
than CRB-6. This result shows that the proposed approach is independent
of a sector as opposed to the conventional array interpolation [45].

In Figure 5.4 and Figure 5.5, algorithms are compared for their SNR and
number of snapshot performances respectively. In this case, the sources are
closely located at 55 and 60 degrees respectively. The RMSE of the proposed
approach begin to saturate at high SNR values because Wiener formulation
lose its effect at high SNR and mapping matrix accuracy begin to decrease.

This point is clarified with more simulations later in this subsection.
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Figure 5.1: Performance for one source located at 60 degrees with increasing

SNR.
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Figure 5.3: Performance when the source at 90 degrees is fixed and a second

source is swept.
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Figure 5.6: Performance for two sources located at 60 and 140 degrees with

respect to increasing SNR.

Figure 5.6 and Figure 5.7 illustrate the previous two experiments with
sources that are far from each other. In these graphs it is seen that interpo-

lated array can work without angular sector limitations.

Effects of Wiener Formulation

Mapping matrix formulation in 4.5 is repeated here in order to indicate

the effect of Wiener formulation with simulation results.

T = o2 A, (O)AL(0)[07A(0)AL(0) + o1 ! (5.1)

95



*— * T
. —O0— CRB-18
v CRB-6
10° | \*\ —%— CA-Al |,
\ O - FA-18
. e FA-6
— \
2
a
L
(7))
S
@

Number of Snapshots

Figure 5.7: Performance for two sources located at 60 and 140 degrees with

respect to increasing number of snapshots.
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In Figures 5.8 and 5.9 y axis is denoted as ’condition number’. It is the

condition number of the inverse term
o2A(0)A%(0) + 0’1 (5.2)

taken from (5.1). If Wiener formulation is not used, inverse term should be
as follows,

A, (0)A5(0) (5:3)

Condition number of (5.2) indicates how well is T constructed. Therefore

higher condition number cause flaws in T construction. Note that SNR is

2. Increasing SNR means decreasing o2 so oI term

inversely related to o
in (5.2) vanishes with increasing SNR values, that increases errors in the
construction of T. This is illustrated in Figure 5.8 as increasing SNR cause
increasing condition number. For high SNR values condition number for
Wiener formulation approaches the condition number of inverse term that
does not use Wiener formulation (5.3).

In Figure 5.9 it is illustrated that condition number is not affected by the
angles of sources, for the Wiener formulation.

In Figures 5.10 and 5.11 performance of proposed algorithm is shown both
when T is constructed by Wiener formulation and Pseudo-Inverse formula-
tion. As explained previously up to certain SNR values (around 30) Wiener
formulation improves the performance. When Figure 5.11 is compared with
Figure 5.9 it is seen that performance is directly related to condition number
as for higher condition number, results in more error in DOA estimation.
Since Wiener formulation provides much lower condition number for sensor

position, performance result comes out to be source position independent.

5.1.3 Three Sources

In Figure 5.12, 5.13 and 5.14 are the simulation results of SNR and

number of snapshots dependencies of three sources. They are repetition of
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Figure 5.8: Condition Number of Inverse Term in (4.5) for two sources located

at 60 and 50 degrees with respect to increasing SNR.
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Figure 5.12: Performance for three sources located at 56, 60 and 64 degrees

with respect to increasing SNR.

previous experiments for two sources. CRB, full arrays and corrected array
performs the same characteristics along with upwards shift in the RMSE.
In Figure 5.14 two things can be observed at the same time. Corrected

array has a successful performance with both closely spaced sources and

separated sources at the same time.

5.1.4 Four Sources

In the following part, we considered four sources to indicate the sector

independence as well as the performance for multiple source case. In Figure
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Figure 5.13: Performance for three sources located at 56, 60 and 64 degrees

with respect to increasing number of snapshots.
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Figure 5.15: Performance of three sources fixed at 55, 61 and 67 degrees and
the fourth source is swept 30 to 150 degrees.

5.15, three sources are placed at 55, 61 and 67 degrees respectively and one
source is swept from 30 to 150 degrees. SNR is set to 20 dB. The performance
of the proposed approach is significantly better than the FA-6 even though it
is not close to FA-18. In Figure 5.15, we have the SNR performance for four
sources located at 55, 60, 65 and 120 degrees respectively. As it is seen from
this figure, the proposed approach improves the DOA estimates significantly

and the additional complexity due to an initial estimate is well worthed.
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degrees respectively.
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Figure 5.17: Performance for five sources located at 50, 60, 70, 80 and 90

degrees with respect to increasing SNR.

5.1.5 Five Sources

Figures 5.17, 5.18, 5.19 illustrate the hardest problem for a subspace
algorithm using an ULA with six sensor elements. Because for five sources in
the covariance matrix, noise space G falls into single dimension. Just by using
this single dimension subspace algorithm is forced to find five orthogonal
vectors which are also orthogonal to noise space. As seen from Figures 5.17,
5.18, 5.19 interpolated array does a successful estimation compared to six

element ULA.
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Figure 5.18: Performance for five sources located at 50, 60, 70, 80 and 90

degrees with respect to increasing number of snapshots.
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Figure 5.19: Performance for four sources located at 50, 60, 70 and 80 degrees,

fifth one is moving 10 to 170 degrees.

69



5.2 Superior Case

This is the case which the number of sources is equal or greater than the
number of sensors in array. For dg and dg, six and seven sources cases are

investigated further in this section.

5.2.1 Six Sources

In Figure 5.20, graph of ULA that has six elements does not exist because
subspace algorithms that use ULA can not locate sensors equal or greater
than the sensor elements. This case is called superior case as mentioned
before. On the other hand, interpolated NLA allows subspace algorithms to
work with superior case. NLA with six sensor elements, does not perform as
well as in previous simulations but after the number of snapshots passes the

value 100, error is about one degree for six sources.

5.2.2 Seven Sources

In Figure 5.21 six sources fixed at angles 30, 50, 70, 90, 110 and 130
degrees while the seventh source is swept from 10 to 170 degrees. In this
experiment two different NLA, which are defined in the beginning of this
section as dg and Jﬁ, are used to illustrate different location of gaps cause
different estimation performances because interpolation does not perform
identical for different kinds of gap sequences. Note that as long as 7" source

is not so close to fixed sources, RMSE appears to be between 1 to 2 degrees.

70



K — * T i
- _ —O— CRB-18|
* —%— - CA-Al
10t L S O FA-18 [
£ ]
N 3
*_
3
\.
% 10° F s, N .
§ _*ﬁ**—*—*'*’—% *
>
Jas
a
w
0 10 ' F 'O e
= O -0 ]
a4 O @)
O 0
o o 0
O -0 o o
O
O -0 o

' 10° 10
Number of Snapshots

10
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110 degrees with respect to increasing number of snapshots.

71



Consecutive Gap Array ]
------- Distinct Gap Array ]

10

RMSE (Degrees)

10"

0 20 40 60 80 100 120 140 160
Angle of 7" Source

Figure 5.21: Performance for six sources located at 30, 50, 70, 90, 110 and

130 degrees, seventh one is moving 10 to 170 degrees.

72



CHAPTER 6

CONCLUSION

In this thesis, the improvement of DOA estimation given an initial esti-
mate for nonuniform linear arrays is considered. A new method is proposed
which employs array interpolation for NLA. The proposed approach consid-
ers a narrow sub-sector for each source and generates a mapping matrix in
order to augment the covariance matrix appropriately. A Wiener formulation
is derived for the mapping matrix in order to decrease errors during mapping
matrix construction.

Advantages and disadvantages of the proposed method are given in the

following sections.

6.1 Advantages

As mentioned previously, proposed method basically interpolates a NLA
into a ULA. As a result, with a little number of sensors, an array of large aper-
ture size can be obtained with low computational complexity and without
angular sector limitations. There are two additional important advantages
of a larger array, increased number of source detection capability and better

resolution performance.
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6.1.1 Number of Sources

As explained in subsection 2.2.2, subspace methods use the covariance
matrix of recorded data in sensors. Covariance matrix rank can be at most
the number of sensor in a ULA. However, in NLA rank for the covariance
matrix of incoming data is more than the number of sensors. Rank of the
correlation matrix is equal to all different lags available in the correlation
matrix assuming the sources are uncorrelated as defined in subsection 2.1.1.
It should be noted that proposed method of interpolation in this discussion
does not necessarily increase the rank of covariance matrix, but just fills the
gaps in covariance matrix to make it suitable for subspace algorithms.

In section 5.2 Figures 5.20 and 5.21 show that NLA can be used to find
six or seven sources which is not even possible for a ULA with six sensors.
Therefore proposed method increases the number of sources that can be

detected.

6.1.2 Resolution

Resolution is defined as the capability of discriminating two closely spaced
sources. This property depends on how wide array aperture is, since biggest
time difference of wave arrival on sensor elements occur on the left most and
right most positions (endfires). As it is obvious for a fixed number of sensor
elements, a NLA has much larger aperture size than a ULA.

Therefore inherently NLA has the advantage of resolving more closely

spaced sources than ULA can. This is illustrated in Figures 5.14 and 5.15.

6.1.3 Independency of Angular Sector

Array interpolation methods in literature [47], [42] depends on angular
sector. There are two ways to manipulate incoming data, in order to esti-

mate DOA with angular sector dependent algorithms. First, all sources are
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assumed to be in a limited angular sector of around 30° span, which is an op-
timistic assumption. Second, if it is possible, all spatial spectrum is divided
in 30° portions via spatial filtering. Then by using one of these approaches
array interpolation performed.

In this thesis, transformation matrix is independent of an angular sector
but initial rough estimates of source directions should be given. In a sense,
this approach actually uses narrow angular sectors as many as sources. An-
gular sector independency of the proposed method can be observed in various

figures, some of them are Figure 5.6, Figure 5.14.

6.1.4 Low Computational Complexity

Proposed method requires a rough estimation of DOA. This DOA esti-
mates can be obtained by a sub-space method that uses a course estimated
correlation matrix. Overhead of total operation for finding T matrix is com-
posed of finding these initial estimates, that increases the total process time
twice.

Alternative approaches [20] for filling the gaps in covariance matrix re-
quires finding initial feasible points and linear programming which requires
heavy computational complexity compared to the method proposed in this
discussion. Hence, proposed method does not bring any computational com-

plexity at all compared to its alternative.

6.2 Disadvantages

Besides those advantages of a NLA listed in section 6.1 there are some

problems such as ambiguity and multi-path phenomena.
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6.2.1 Ambiguities

Two non-identical source set may create identical covariance matrix for
NLA. This ambiguity results in irrelevant source angle estimations which
leads to high mean square estimation errors. This problem is widely investi-
gated in [48], [49], [50], [51]. In this thesis this phenomena is omitted during

the calculations.

6.2.2 Multi-Path

Multi-path phenomena as illustrated in Figure 1.1 occurs almost all the
time in practical applications. So several studies [24], [45], [25], [52] were con-
ducted to overcome this problem. But unfortunately there is not much study
in literature for spatial smoothing in NLA except a method Abramovich pre-
sented in [53]. But his solution only valid for small number of correlated
sources with specially designed NLA. In this study coherent sources are left
outside the discussion. It is the point that is going to be considered in future

studies.
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