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OZET

Cok Yuzluler: yizeyleri cokgenlerden olusan, 3 boyutlu geometride Gzerinde
cok calisiIimis gekici bir konudur. Bunun en 6nemli nedeni ¢ok yizlinin tasidigi
yuksek seviyedeki simetridir. Kubik Simetri bu simetri tiplerinden birisi olup, tek bir
sekili, bellibiryaklag1mla,bircok sekile dontisturebilir.

Kbik simetri, bir kiire ve bir gekirdek noktasi kullantlarak , sinirsiz ¢ok yuzli
uretilebilir. Bazi1 6zel durumlar essiz cok yuzlulerin¢gikariimasini saglar. Arsimet ve
Platonik cisimleri gibi. Bu tezde 6zel bir metot kullanilarak 3 boyutlu uzayda ¢ok
yuzlilerinolusturulmasi saglanmaktadir.

Kullanicr etkilesimli bir ortam , bu ¢ok yuzlllerin gosterimi ve dogalarinin
incelenmesi icin son derece 6nemlidir. Bu yizden bu cesit bir 3 boyutlu ortam
hazirlanmistir.

Kullanicinin etkiliesimini de saglayan 3 boyutlu zahiri bir ortam 6te yandan
karmasik bir istir. Bu yuzden 3 boyutlu uzayda geometri islemleri ve 3 boyutlu grafik
motorlarinin kullanimi tez de énemli bir yer teskil eder.

3 boyutlu geometri ile ilgili olarak; 3 boyutlu noktalar , dizlemler, dogrular,
noktalar1 diizlemler etrafindadondurmek gibi konular kullantimistir.

3 boyutlu Grafik Motoru ileilgili olarak; umut vadeci bir motor olan Java3D
kullanitmustir. Bu aragla 3 boyutlu uzayda nesne isleme islemleri olan : nesne
yaratimi, ekrana cizmesi, nesnenin bir kismini gizlemek, boyutunu kucultip
blyutmek, cevirmek, gozlemcinin bakis noktasini degistirmek gibi islemler kolayca

yaptlmaktadir.

Ocak 2006 Onur KARADEL i

vii



ABSTRACT

Polyhedron (plural Polyhedra) isathreedimensional (3D) solid composed of
many polygons. It isalong-studied, charming subject in 3D geometry. The most
important reason for thisisthe high degree of symmetry the Polyhedron holds. Cubic
Symmetry isaone of thesekinds of symmetriesthat |leadsasingle shapeto
transformtomany totally different yet familiar shapeswithacertain approach.

By using cubic symmetry, a sphere and a seed point unlimited number of
Polyhedra can be generated. Some special cases leads to the unique polyhedra with
their regularity including Platonic Solids, Archimedean Solids and so on. In this
thesisaspecial approach isused to create Polyhedrain 3D Space.

An interactive environment for visualization of Polyhedra would be very
beneficia for the watchers to visualize and understand the 3D nature of the shapes,
similarities between shapes, symmetries that a shape and so on. In this thesis such an
interactive virtual environment ismodeled and created.

3D Virtual Environment that also allows interaction with user is a challenging
task however. A great deal of 3D Geometry Knowledge and effective use of 3D
GraphicsEngineisessential to create such an environment.

Related with 3D Geometry; 3D Points, Planes, Lines, Revolving points around
lines/planes, getting symmetriesareextensively used.

Related with 3D Graphics Engine; A promising graphics engine called Java3D
is used. With this tool the fundamental functions of 3D Object manipulation
including; Object creation, drawing, clipping, scaling, revolving, changing the

viewpoint and so on wasimplemented rather easily and effectively.

January 2006 Onur KARADEL i
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LIST OF SYMBOLS

On

Th
Tq

n-fold

: On Symmetry Type

: O Symmetry Type

. Th Symmetry Type

: Ta Symmetry Type

. T Symmetry Type

: A notation for symmetrical rotation operation that is 360/n degrees.
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PART |

INTRODUCTION

Polyhedron (plural Polyhedra) is a three dimensiona (3D) solid composed of many
polygons. It has attracted the attentions as it holds a high degree of symmetry. Some
of the polyhedra can be seen easily in daily life like cube, tetrahedron... where as,
most them arerareto seelikerhombcuboctahedron and so on.

Figurel.l A Tetrahedron isthesimplest of Polyhedra



Theaim of thisthesisisto useamodel to create polyhedrawith cubic
symmetry and createaninteractive environment so that usersmay visualizeand
investigate the polyhedra.

|.1 Polyhedrain Life

Polyhedra are subjects of many scientific and social topics throughout the
civilization.

|.1.1 Polyhedrain Architecture

In daily life it is customary to see beautiful, symmetrical constructions so that the

visitorswill memorize the placefor very long.

A beautiful construction is in the front of my office so that it is hard for me to forget
where should | go.

|.1.2 Polyhedraln Nature



In molecular scale, the atoms or molecules most of the time represent symmetrical
and repeating structures. Some of these structures form Polyhedra when the edges are

drawn through vertices (the molecules).

] 12+
EtJR\_ /0“
& \
Etap/ am acetone,it, 10 min
O 12'0mM
8:M=Pd
= 11: M=Pd
10: M= Pt 12° M = Pt

Figurel.4 A Molecular structureforminga Truncated-Tetrahedron.

In games a die is one of the tools that produces regular randomness that all
outcomes have the same probability of occurrence. A 6-Faced die is common in
many games. There are games where other multi-faced dice are used such as Fantasy

Role Playing and so on.

\V S £y
— .‘ i d

Figurel.5 Multi-Faced dice, 4-6-8-12-20 facesin order. Tetrahedron-Cube-Octahedron-
Dodecahedron-1 cosahedr on asPolyhedranamesr espectively.

1.1.3 Polyhedraln Geometric Origami

The Japanese art of folding paper to form shapes is also interested with Polyhedra.
Many of the Polyhedracan be built with Origami with varying difficulties.



Figurel.6 Some polyhedrathat arecreated with Origami.

|.2 Problem Analysis

Polyhedrametamorphosisisthecontinuouschange of onepolyhedronto another.

Inthisthesisafamily of polyhedra, which ownsCubic Symmetry isstudied, created
and visualized. To model apolyhedron: 3D Geometry isused extensively used. In
order to depict and to create an interactive environment a3D GraphicsEngineis
used.

After creatinga3D I nteractiveenvironment then polyhedrametamorphosisis
observed and similaritiesareidentified between polyhedra.



PART Il

POLYHEDRA AND SYMMETRY

I1.1 Polygon

Polygon: thebuilding block of Polyhedraisaclosed planefigure bounded by three
or morelinesegments. A polygon can beeither convex or concave. A polygonis

convex if it containsall the line segments connecting any pair of its points.

Figurell.1 A convex and a concave polygon.

Another property of the polygonisitsregularity.
A regular polygon is a convex polygon with all its are sides equal and all itsangles

are equal
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Figurell.2 Aregular (pentagon) and an irregular polygon

1.2 Polyhedra

If werephrasethedefinition of polyhedra, Polyhedra(plural Polyhedra) are3
dimensional (3D) solids composed of many polygons. These polygons can be either
convex or concave. | nthisthesishowever polyhedrathat containsconcavepolygons

are not studied.

|1.3 Convexity

Similar totheconvexity of apolygon theconvexity in polyhedrameanswith every
pair of pointsthat belong to the polyhedra, the polyhedracontainsthewhol e straight

line segment connecting the two points.

41

Figurell.3 A Convex and anonconvex(concave) polyhedra

Inthisthesis convex polyhedraare studied.

|1.4 Regularity

Regularity of apolyhedraisdetermined with thefacesof thepolyhedraand the

properties of these faces.



Therearethreetypesof regularity that polyhedracan have; Regular, semi-regular
andirregular polyhedral. Inthisthesisal threeregularity types of polyhedracan be
generated however regular and semi-regular polyhedratypesare studied extensively.

|1.4.1 Regular Polyhedra

A Polyhedronissaid to beregular if

i) all itsfaces are the same
i) and all thefacesareregular polygons

There are5 convex polyhedrathat areregular. Thosearea so known asPlatonic
solids

@88 ¢ v

Figurell.4Thefiveconvexregular polyhedra: Cube, dodecahedr on,icosahedron, octahedr on
and tetrahedron

In this thesisfour of them can begenerated. Namely: tetrahedron, cube, octahedron
and icosahedron.

Alsothereare4 nonconvex polyhedra, whichareregular aswell. Thoseareknown
also as Kepler-Poinsot solids.

& x K

Figurell.5Thefour nonconvexregular polyhedra: Great dodecahedron, gr eaticosahedron,
great stellated dodecahedr on, small stellated dodecahedr on.

11.4.2 Semi-regular Polyhedra

i) al itsfacesare NOT the same
i) all thefacesareregular polygons

There aretwo infinite sets of polyhedra, the set of prisms (Figurell.6), the set of
antiprisms(Figure I1.7), and the 13 Archimedean solids (Figurel1.8) are semiregular
polyhedra.
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Figurell.6 Someprisms: 'I:riéngulaf prism, cube, pentégonal prism,and hexagonal prism.

eEC®

Figurell.7 Some anti-prisms: octahedr on, squar eantiprism, pentagonal antiprism, hexagonal
antiprism.

Truncated cube Cubeoctahedron Truncated Great i
Octahedron Rhombicuboctahedron Rhombicuboctahedron

Truncated Great

Truncated lcosidodecahedron rgara Rhombicosidodecahedron  Rhombicosidodecanedron

Dodecahedron

Snub Cube Truncated
Snub Tetrahedron
Dodecahedron

Figurell.8 The Archimedean solids.

I1.4.3 Irregular Polyhedra

iii) all itsfacesare NOT the same
iv) and some of thefacesare NOT regular polygons

Thereexistsinfiniteamount of irregular polyhedra. Two of themarethefollowing.



Figurell.9 A Boat and a deformed snub cube..

1.5 Symmetry

Inthe context of Polyhedra, symmetry impliesaPolyhedronlooksthe samefrom
another different viewpoint. Alternatively apolyhedronissymmetrical if itis
possibleto perform certain operationsthat changethe positionsin space of individual
facesbut whichleavethepolyhedronthat isindistinguishablefromitsorigina
position. Thereare2 symmetry operations. rotation andreflectionthat formsthe

Symmetry types.

I1.5.1 Rotational Symmetry

If a Polyhedra looks the same after rotating the polyhedra on a specific axis then the
polyhedraholdsarotational symmetry.

Rotational Symmetry is characterized by theaxis of rotation and theangleof

rotation. Sometimesthere ismore than one rotational symmetry axis.

The angle of rotation is the minimum angle of rotation on a given axis that leads to
an indistinguishable (symmetrical) shape. As an examplein figure 11.11. the light
blue axis has 120 degrees of rotation symmetry thus after rotating the tetrahedron
120 degreesalong any light blue axisthe new shapelooksthe sameagain.

Another notation for the angle of rotation is to indicate the number of rotations in a
full (360 degrees) turn. 120 degrees of rotational symmetry thus can be called
360/120=3 fold symmetry. 3-fold symmetry indicates the shape looks the same 3

timesin afull rotation.



Inthefigurebel ow thetetrahedronisstudied for itsrotational symmetries.

Figurell.10 The Tetrahedron

When we study the tetrahedron at figure I11.10 we can we find the following rotation
axisand consequently rotational symmetries.
o Fourrotational axispassingthrough fromonevertex (highlighted with blue)
and middle point of the oppositeface (highlighted with yellow)

Figurell.11 The 3-fold rotation axis of tetrahedron

Ontheother hand thisrotational axiscreates 3 symmetriesthat iswheneachtime
ayellow faceisexactly infront of our viewpoint.
Thusthe tetrahedron has four 3-fold rotational symmetry.

10



¢ Tetrahedron hasthreerotation axiswhich passesfrom the middle of oneedge
(highlighted with blue) and the middle of the edge at the opposite side edge
(highlighted with yellow)

Figurell.12 The 2-fold rotation axis of tetrahedron

Ontheother hand thisrotational axiscreates2 symmetriesthat iswheneachtime
avertex isexactly infront of our viewpoint thus the tetrahedron has thr ee 2-fold
rotational symmetry.

I1.5.2 Reflection Symmetry

Reflection symmetry involves defining a plane of reflection for the solid. Then
dlicing the solid into two parts using the plane of reflection. If the two parts are
identical then the solid is said to have reflection symmetry for the given plane of
reflection.

For example human body does not hold any rotational symmetry. However it
holds a clear reflection symmetry. (i.e. after visually dicing the body from head: the
left arm isidentical withright arm, left eyewithright eye...)

In tetrahedron there are 6 planes of reflection as depicted bel ow

11



Figurell.13 Tetrahedron has6 reflection planes.

|1.6 Cubic Symmetry Types

With the symmetry operations(rotation, reflection) thereare 17 types of
symmetry in 3D geometry. Each of these symmetry typescontainsaset of Rotational
Symmetriesand aset of reflection symmetries. Inthisthesisonly Cubic Symmetry
types are studied. 5 of the symmetry types are cubic as the following.

DR

Es ES L% L

I&

Figurell.14 Somepolyhedracarryingacubicsymmetry type

In the following section what these symmetry types imply and how they are

used are given.
In depth explanations and illustrations of the 17 Symmetry types are given in

Cromwell’ sbook on Polyhedra[ PET].

[1.6.1 Cubic Symmetry Type: Oy

12



Thelast (5th from the beginning) cubeinfigurell.14issaid to have Oh
symmetry type. Thissolid hasseveral rotational and reflection symmetries. Oh
symmetry typeimpliesthefollowing symmetriesexistin thesolid.

Thissymmetry typeiscaled ‘O’ becauseit hastheidentical rotational axes of
aOctahedron. Alsothereisa‘h’ inthenaming whichindicatesthereis(are) a
horizontal plane of reflection aswell
Rotational

o 3 Axesof 4-fold symmetry which joinsthe centers of opposite faces

o 4 Axesof 3-fold symmetry, whichjoinsdiagonally oppositevertices.

e 6 Axesof 2-fold symmetry whichjoinsmidpointsof oppositeedges
Reflection

e 3 Mirror Planes passing through the middle points of 4-parallel edges

e 6 Mirror Planes passing through an edge and its opposite side edge.

|'1.6.2 Cubic Symmetry Type: O

The3rd cubeinfigurell.14 issaid to have O symmetry type. The O symmetry

type has lost some of the Rotational symmetriesand all Reflection symmetriesof an
Octahedron. Thusit only hasthe,

Rotational
o 4 Axesof 3-fold symmetry, whichjoinsdiagonally oppositevertices.

|1.6.3 Cubic Symmetry Type: T

The 1st cubeinfigurell.14 issaid to have T symmetry type. Thissymmetry
typeiscaled’ T’ becauseit hastheidentical rotational axesof a Tetrahedron.

Rotational

o 4 Axesof 3-fold symmetry, whichjoinsdiagonally oppositevertices.

o 3 Axesof 2-fold symmetry which joinsthe centers of opposite faces

13



Reflection

e 3 Mirror Planes passing through the middle points of 4-parallel edges

I1.6.4 Cubic Symmetry Type: Th

The2nd cubeinfigurell.14issaid to have Th symmetry type. Thissymmetry
typeiscalled‘ T’ becauseit hastheidentical rotational axes of a Tetrahedron. Also
thereisa‘h’ inthenamingwhichindicatesthereisat |east one horizontal plane of

reflection aswell

Rotationa

o 4 Axesof 3-fold symmetry, whichjoinsdiagonally oppositevertices.

o 3 Axesof 2-fold symmetry which joinsthe centers of opposite faces

Reflection

e 3 Mirror Planes passing through the middle points of 4-parallel edges

[1.6.5 Cubic Symmetry Type: Tq

The2nd cubeinfigurell.14issaid to have Th symmetry type. Thissymmetry
typeiscaled ‘T’ becauseit hastheidentical rotational axesof a Tetrahedron. Also
thereisa‘d’ inthenaming, whichindicatesthereis(are) avertical plane of

reflection aswell

Rotational

o 4 Axesof 3-fold symmetry, whichjoinsdiagonally oppositevertices.

o 3 Axesof 2-fold symmetry which joinsthe centers of opposite faces

Reflection

e 6 Mirror Planes passing through an edge and its opposite side edge.

14



PART I11

CREATINGPOLYHEDRAWITHCUBIC
SYMMETRY

Theideaof creating polyhedrausing cubic symmetry that wasfirst proposed by
Cromwell [PET] requires 2 parameters and 2 operations.
o Parameter 1: A Seed Point
e Parameter 2: Thesymmetry Type(Oh, T ...)
¢ Operation1: Rotation Operationsand Refl ection Operations(dependingon
the symmetry type)
e Operation 2: Taking the convex hull of thefinal points

I11.1 Model Sphere

Toimplement cubic symmetry theexistence of amodel sphereisvery helpful.

15



Figurelll.1 TheModel spherefor Cubic Symmetry

Thissphereisthe skeleton to take the symmetry pointsand the blue point is the
seed point. Theaxesdlicing the spherearerotation axesand reflection planes.

Every triangle (highlighted withred) inthissphereincludesexactly 1 point
(blue) insidethetriangle, whichison the sphere.

After applying the symmetry operations, each region (red triangle) will contain
at most 1 symmetry point, insideor onitself. Thereare 48 regionson theModel
sphere, thusany polyhedron that iscreated in thisthesishasat most 48 points.

For some special seed points however many symmetry points are on top of
others. Thustheactual number of symmetry pointsdecreaseto anumber smaller
than 48. Theintersection of linesinfigurelll.1and pointsontheselinesaresome
examplesthat will lead to special typespolyhedrawhich will be examined in later
sections.

[11.2 Seed Point

Seed point (thered pointinfigurelll.1andfigurelll.2) istheorigina point,
whichisused totakesymmetriesand reflections. Those symmetrical and reflection
pointsto the seed point are al so taken as symmetriesand reflectionsiteratively for

each Rotation Axisand Reflection Planes.
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®
Figurelll.2 Theseed point and derived symmetrical pointsafter rotation and reflection

operations

Infigure 1.2 the seed point ishighlighted with red. After applying severa
rotati on operationsthesymmetry pointshighlighted with bluearecreated.

111.3 Finding Rotation and Reflection Symmetries

The seed point isused to derive aof number symmetrical of pointsfor the
givenrotational axes(if any) and reflection planes(if any). Asdeclaredin Chapter 2,
someof the Cubic Symmetry Typeshaveonly rotational symmetries(O, T) and
someof them havebothrotational symmetriesand reflectionsymmetries. (Oh, Td...)
Thesymmetry typedetermineswhich operationsto use: rotation operations,
reflection operations or both.

Wedevel oped an a gorithm to create the symmetry pointsusing the seed point
and symmetry type. Thealgorithmthat isused to derive symmetrical pointsis asthe
following. The 3D geometry section givesthedetailsof operationssuch asrevolving
apoint around an axis and so on.
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1. Initially createan operation set including only the seed point.
2.For each rotation axis
a. For each point in the operation set
i. CreatearotatedPoints set including all the points of the
operation set
ii. Rotatethecurrent point around the current rotation axisand
find a symmetry point.
iii. Addthissymmetry point to the set of rotatedPointsif not
aready exists.
b. Reset the operation set to the rotatedPoints set.
3. For eachreflection planes
a. For each point in the operation set
I. CreateamirroredPointsset including all the pointsof the
operation set
ii. Get mirrorimage of the current point against the current
reflection plane.
iii. Addthissymmetry point to the set of mirroredPoints set if not
aready exists.
b. Reset the operation set to the mirroredPoints set.
4. Theset of pointsthat the polyhedrawill haveisfound.

Alwaysstarting with 1 point (the seed point) , the derived pointsmay increase

in number twice each timeareflection or rotation operationisapplied.

M aximum 48 points may emerge at the end of this procedure, because many

pointswill bethe samewhereonly one of themistaken.

I11.4 Finding the convex hull to create Polyhedra

After the pointsof the polyhedraarefound, atypical 3D Convex Hull finding

algorithm and ajavapackage[STO] isused to get the edges and faces of the
Polyhedra.

The convex hull of aset Q of pointsisthe smallest convex polygon

(polyhedron) P for which each point in Q is either on the boundary of Por inits

interior.
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Figurelll.3 Convex hull of apolygon(left) and polyhedra (right).
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PART |V

TESELLATION3DAPPLICATION

Different seed points and different type of symmetries lead to infinite kinds of
polyhedra. Among these polyhedrasome of them are special.
To examinethe study of Polyhedra Creation with cubic symmetry a3D
Application: Tessellation 3D isdevel oped using the Java3D GraphicsEngine.
In this chapter the polyhedrawill be created with different parameters (seed
point, rotation, reflection operators) and thesimilaritiesbetweenthem arecompared.

V.1 Tessellation 3D Application

Tessellation 3D isaninteractive 3D environment to create and manipul ate
Polyhedrausing cubic symmetry. It will enabletheusers.
o Tocreatepolyhedraparametrically (seed point and symmetry types)

o Torotateandlocatethe polyhedrato seedifferent viewsof polyhedra.
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FigurelV.1 TheTessellation 3D Application

|V.1.1 Interactive Polyhedra Object

Ongray canvasthe 3D Polyhedraisdrawn andisininteraction with user mouse
actions.

o Rotate (left mouse dragging)
e Locating the viewpoint (right mouse dragging)

e Zoominginand Zooming out (Shift+left mouse dragging)

1V.1.2 Seed Point Selector (Mouse)

Asdescribed in section 3.1 aseed point isthe origin of pointsthat the symmetry
operationsareapplied upon. A different seed point may lead toacompletely
different polyhedron. Instead of aspherical regioninfigurelll.1to select aseed

point , atwo dimensiona approximation of the sphereregionisused.

21



Seed Point

Seed Point selector region 2 Dimenzional
the z coordinate iz always

Seed Point 2elector region 2 Dimensional

FigurelV.2 Theideal seed point selection region (left) and approximate 2d seed point
selection region (right)

AsshowninfigurelV.2in Tesellation3D applicationinstead of anideal sphere(3D)
for seed point selection, a2D triangleisused. . Therearetwo approximationswith
this approach

1. Thezcoordinateistaken as0. However for every seed pointina3D
selection (left model at figurelV.2) regionthez coordinate actually is
dightly greater than O.

2. Thetriangleat the 2D selectionregion (right model at figurelV.2) isactualy
not a“right triangle”’. Theedgelying at x coordinate of thetriangleis
dightly shorter than the edge lying at the y-coordinate of thetriangle.

For thesakeof simplicity of thisapplication however these 2 approximationsare
used and 2D selection region isused instead of 3D selection region.

InfigurelV.3thered pointinthe bluetriangleisthe seed point. The seed point can

be sel ected withamouseclick, whichimmediately generatesanew polyhedron.
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Seed Point

{0.5, 0.5)

Seed Point Triangle

FigurelV.3 Seed Point Selector region

Theseed point selector region (figurelV.3) determinesonly theX and'Y coordinates
of the seed point. Thez coordinate of the seed point isaccepted as 0. Thus seed point
will beshownas(X, y) instead of (X, y, 0) unless stated otherwise.

1V.1.3 Seed Point Selector (Keyboard)

Toenabletheusersto definemore accurate seed pointsakeyboard controlled seed

point coordinate selector isimplemented (figurelV .4).

PointX: 0.4 |

pointy:  |0.| |

FigurelV.4 Accurate Seed Point Selector

Thex andy coordinates of the seed point can be configured here. After pressing the

“Create” button, polyhedronisconstructed with the new seed point.

Againto notethe z coordinate of the seed point isaccepted as0 and can’t be sel ected
from any of the seed point selector regions.

1V.1.4 Symmetry Type Selector
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Among 5 cubic symmetry types (in figure IV.5 ) user can select which symmetry
typeto operate.

Cubic Symmetry Type

T Symmetry Type b
Oh Symmetry Type

O Symmetry Type

T Symmetry Type

Td Symmetry Type

Th Symmmetry Type

FigurelV.5 Symmetry type selector.

1V.1.5 Face Coloring Method Selector

Therearetwo coloring methodsto col orize the faces of polyhedra.

Face Coloring According To...

Continous colors 7 |

Continous colors
Humber of Edges in the Face

FigurelV.6 Symmetry type selector.

Thesetwo coloring methods are discussed at sectionV.3

|V.1.6 Predefined Polyhedra

Somespecial parametersleadto specia polyhedra(will bediscussed), those
polyhedra(in TablelV.1) can beselected with thistool andimmediately theinitial

parameters are configured.

Polyhedra Name Symmetry Type Seed Point
Tetrahedron T (0,0)

Cube Oh 0,0)
Octahedron Oh (0.5,0.5)
|cosahedron Th (0.5,0.2)
Truncated Tetrahedron T (0.34,0.34)
Cubeoctahedron Td (0.5,0)
Truncated Octahedron Oh (0.5,0.26)
Truncated Cube Th (0.3,0)
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Small Rhombcuboctahedron Oh (0.3,0.3)
Great Rhombicuboctahedron Oh (0.37,0.18)

Snub Cube O (0.35,0.23)
TablelV.1 Several special polyhedrathat can becreated with Tesellation3D application.

Inthe abovetable, it isshown that cube can be created with symmetry type Oh
and seed point (O, 0). However itisnot theonly way to createthis polyhedron the
same cube can be created with the symmetry type O and seed point (O, 0). Thisis
becausefor somespecial seed point locations, someof thereflectionor rotation
operationsdo not yield adifferent symmetry point than that isalready found. (Refer
to “ Finding Reflection and Rotation Symmetries’ section)
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PART V

POLYHEDRAMETAMORPHOSISAND
SIMILARITY

V.1 Generic Polyhedra

Varying parametersin theinput leadsto different yet similar polyhedrain thisstudy.
Depending onthetwoinitial parameters: thesymmetry typeand the seed point.

The seed point hasadramatic effect on determining the polyhedrathat isgenerated.
The seed points' location |eadsto different polyhedra. However there arein fact 7
classesof locationsof the seed point in seed point trianglethat are completely
different.

Seed Point Location Type  Seed Point L ocation
1 Seed point isexactly at the left-top corner.
2 Seed point is exactly at the right-top corner.
3 Seed point isexactly at the right bottom corner.
4 Seed pointisonthe diagonal line (between points
|left-top and right bottom)

gl

Seed point ison the horizontal line
6 Seed point ison the vertical line
Seed pointisinside thetriangle.
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TableV.2. Seven classes of seed point location.

1) Top Le_ﬂ Corner

S

2} Top Right Corner
&} Horizontal Line 4

- e
- oS i o

#
A

7} Inzide the Triangle

.\I

kY

8} Vertical Ling

4) DMagonal Line e

.1.

1
.\u

3} Bottom Right Corner

FigureV.1 Seven classes of seed point location

Below infigureV.2 seven polyhedraare generated with these seed point location

classesin order and Oh with the symmetry type.

WML EE i

Figure V.2 ExamplePolyhedrathat ar ecr eated with 7 typesof pointsand Oh symmetry type

V.2 SimilaritiesBetween Polyhedraand Special Polyhedra

For theclasses of locations4,5,6 and 7 there may beinfinite number of seed
point positionsthus polyhedra.

For examplethe4th class of seed point location |eadsto thefollowing
polyhedrametamorphosis.

We start with a cube at seed point (0, 0)
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Figure V.3 A cubewith seed point (0, 0) and Symmetry Type=Oh

When x coordinateisslightly changed atruncated-cube is obtained.

—_

FigureV.4: A truncated cubelikepolyhedron with seed point (0.15, 0) and Symmetry Type=Oh

Continuing increasing thex coordinate

Figure V.5 A regular truncated cubewith seed point (0.30, 0) and Symmetry Type=Oh.

Thistruncated cubehasall Regular Hexagonsand Equilateral Triangles.

Continuing increasing the x coordinate
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|

FigureV.6 Atruncated cubelikepolyhedron with seed point (0.40, 0) and Symmetry Type=Oh.

It can be seenthat the polyhedraisgradually metamorphosing to octahedron, actually
by reaching thetop right corner (0.50, 0) an octahedron isobtained.

FigureV.7 A cubeoctahedron at seed point (0.50, 0) and Symmetry type=Oh

Themetamorphosisiscomplete and we havefour kindsof polyhedra.
1
2
3- A deformed truncated-cube: Facesare either deformed octagons or deformed

Cube: All facesare squares

Truncated-cube: Facesare octagonsor equilateral triangles

equilateral triangle.
4

Cubeoctahedron: All facesareeither squaresor equilateral triangles.

Thisoperation can bedonefor the other classes of seed point location aswell.
For every location type aspecia point leadsto aspecial polyhedraeither Platonic

solid or Archimedean solid.

Todescribethegeneric metamorphosisidea, thefigureV .8isdepicted. Thefigureas
wholeislikearight triangle and isactually the outputs of seed pointsof the seed
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point triangle accordingly. It isthe metamorphosis of Oh symmetry type. The users
of Tesellation3D application areencouraged to find the other metamorphosesfor
other type of symmetries. (O, T, Th, T and Td)

Figure V.8 Polyhedra metamor phosiswith symmetry type Oh

V.3 Coloring Polyhedra

Coloringthepolyhedraiscrucial sothat facesand edges should beeasily recognized.
Furthermorethemetamorphosisof polyhedrashould betracked moreeasily witha
good coloring of faces of polyhedra.

There are 2 face-coloring schemesthat can be used for coloring the faces of
polyhedra.
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V.3.1 Coloring with number of Edges

Thisisasimpleand straightforward col oring method, whichisalsousedinthis
thesisand Tesellation3D application. A main color isgivenwith respect to the
number of edgesat that edge. Themain colorsused for each edge number isasthe
following. Thesecolorsarepreferered asthey givebetter visualization.

e EdgeNumber = 3 then main Color = Black (0,0,0)

o Edge Number =4 then main Color = Blue (0,0,255)

o EdgeNumber =6 then main Color = Green (0,255,0)

e Edge Number =8 then main Color = Red (255,0,0)

With cubic symmetry only 3,4,6 and 8-sided polygons (faces) can be created.
Thusthese 4 main colors are sufficient.

After main color isdetermined for avertex atoneisgiven to that vertex to
differentiatevertices. Eachtoneisadded asRGB level (Red, Green, Blue) aswith

thefollowing formulae.

0. 4* edgel ndex+col or. X,
0. 2*edgel ndex+col or .y,
0. 1*edgel ndex+col or. z) ;

Where edgeindex isincremental variablefor each vertex (i.e. Square has4

edges). And color.x, color.y and color.z stand for the main color of the vertices.

4 <

Figure V.9 Polyhedrawithout color tones(left), polyhedrawith color tones(right).

AsinfigureV.9 (Ieft) every pixel of thetriangleisblack. Itisimpossibleto
noticethe edges of thetruncated tetrahedron.
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HoweverinfigureV.9(right) itiseasier todifferentiatethefaces. Thetriangle
isblackish at the left most side and brownish at the right most and even lighter at the

upper most side of thetriangle.

V.3.2 Coloringwith Face Types

Whileitissimpleand straightforward to col or faceswith the number of edgesat that
facethereiseven abetter coloring scheme especially for tracking the polyhedra

metamorphosis.

Withthe* coloring with edgenumber” approachthefollowingfigureisobtained
whiletracking the metamorphosisof apolyhedrawith symmetry type Oh.

QREP

Figure V.10 A cubeoctahedr on metamor phosestoacubewith “ face’ sedgenumber” coloring
scheme

Astheuser carriesthe metamorphosisit isnoticeabl ethat thered faces (octagons)
are getting largeswhere asthe brown faces (triangles) are getting smaller and

smaller. Finally thetriangles convergesto apoint and brown facesaretotally

disappeared a so squaresemerged instead of the octagons.
However itissomewhat deceiving for thelast pictureinfigureV.10iscolored with

blue even it has squares. Instead it should be with the same color (red) with the
octagonjust beforeit metamorphosesto asgquareasinthefollowing figure.

s OO

FigureV.11 A cubeoctahedron metamor phosesto a cubewith “face’ stype” coloring scheme

Withthisapproach thecontinuity of colorsisbeachieved. Thecolorsfor facesare
given depending onwhich kind of rotation axisthefacelies. Thereare 3 typesof

rotation axis as stated in the previous chapters thus there are 3 kind of colors.
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Face Color Rotation AxisDescription

Red joinsthe centersof oppositefaces (depicted with yellow axes)

Yellow joinsdiagonally oppositevertices(depicted withlight blue
axes)

Blue joins midpoints of opposite edges.(depicted with pink axes)

TableV.3 Threerotation axistypesand thefacecolorsthat lieson them.
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PART VI

CREATING A 3D VIRTUAL ENVIRONMENT
WITH JAVA3D

V1.1 Introduction

When al the required information is obtained it istime to render the polyhedra
Because polyhedronisa3D object a3D virtual world hasto becreated. L ater the
polyhedrashould berendered accordingly. Thissection briefly explainsthecreation
of such avirtual environment and rendering procedure of the polyhedrausing
Java3D.

V1.2 Java 3D GraphicsEngine

Java3D isayoung yet promising Graphics Enginethat isbuilt uponthejava

programminglanguageand runtimeenvironment. It possessesessential toolsand

functionsto create 3D environments; create/mani pul ate/destroy objectsthat are part

of thisenvironment. Thejava3D includesbut not limited to thefollowing functions
1. Virtua world creation

Geometry object creation

User interaction management

Animation

Lights

o &~ WD

6. Textures
Inthisthesis “virtual world creation”, “ geometry object creation”, “ user interaction”

areextensively used and will bediscussed in thefollowing sections.



FigureVI.1 A Java3D application demonstratingthefundamentalsof Java3D.

InfigureVI.1asampleJava3D applicationisdepicted to demonstrateitsbasic
features.

V1.3 Virtual World Creation with Java3D

Thetermvirtual worldreferstothethreedimensional virtual spacewhereobjects

N,

popul ate.

viewer position /i image plate

FigureVI|.2 theviewer and thevirtual 3D world.
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InJava3D thereare severa waysto createavirtual 3D world. The easiest method,
whichisalso usedinthisthesis, isviathefollowing code segment.

S mpleUniverse su=new SimpleUniverse()

Inthisthesisonly one polyhedronisdrawninthisvirtual world. Below isthe

coordinate system and a cube drawn on top of it.

FigureVI1.3 thecoordinate system and the cube.

In figure V1.3 the seed point isrepresented with red where the symmetry pointswith
yellow.

V1.4 Geometry Object Creation

Theprocedureof creatingageometry object (our polyhedron) involvesthefollowing
steps.

1. Creating a Shape3D object (our polyhedra)
a. Setting the vertices of the polyhedra
b. Setting the colors of the vertices
c. Defining the drawing type
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2. Defining abehavior to the object for user interaction.
3. Addthis Shape3D object to abranch group and compile scene.

V1.4.1 Creating a Shape3D object

Once we have found the vertices of the polyhedron and determined the faces by
taking the convex hull we can create a Shape3D object that can display the
polyhedra. In Java3D thereare many waysto create a Shape3D object. Theeasiest
one is Geometrylnfo class. This class can represent a Shape3D object as an array of
pointsand for each point there can bean associated color. Below isacode snippet to
create a Shape3D object.

Shape3D polyhedron= new Shape3D()
Geometrylnfo gi=new Geometrylnfo ()
gi.setCoordinates ( polyhedronVertices)
gi.setColors( polyhedronVerticeColors)
polyhedron.setGeometry ( gi )

The polyhedronVertices arean array of 3D Points, whichisdescribedin part 3. The
polyhedronVerticesColorsare each points color for each vertex, which is described

inpart 3aswell.

V1.4.2 Defining a behavior to the object

In Java3D abehavior isthe motion of an object. The cause of thismotion can be user
input, atimeinterval and so on. Inthisthesisthe userscan interact with the

polyhedronthat is created in three ways as described in the following table.

MouseBehavior  Action in Response to Mouse Action MouseAction
MouseRotate rotate visual object in place left-button held with
mouse movement

MouseTrandate translatethevisua objectinaplaneparallel  right-button held with

to theimage plate mouse movement
MouseZoom tranglate the visual object in aplane ALT key held with
orthogonal to theimage plate mouse movement
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TableVI.4 The3interaction typestoapolyhedrawith mousein thevirtual world.

InJava3D to support all these mouseinteraction thereisahel per classcalled
OrbitBehaviour thefollowing isacode snippet to enable orbit behavior thusthe

mouseinteraction.

OrbitBehavior orbit = new OrbitBehavior ();

BoundingSphere bounds = new BoundingSpher e(new Point3d(0,0,0),1);
orbit.setSchedulingBounds(bounds);

su.getViewingPlatfor .viewingPlatfor m.setViewPl atfor mBehavior (or bit);

V1.4.3 CreatingaBranchGroup

InJava3D every object inthevirtual universe must beinside abranch group
Branch Groupislikeacontainer. It will apply operationsto all objectsit contains.
Inthisthesisand the Tesellation3D application thereisonly oneobject (the
polyhedron) thusthe BranchGroup does not have much use. Oncethe Shape3D

object iscreated. It can be connected to abranch group in thefollowing way.

BranchGroup objRoot = new BranchGroup();
objRoot.addChild(polyhedron);
objRoot.compile();

Above thepolyhedronthat iscreatedisconnected to the BranchGroup. Finally

compiler method of the BranchGroupiscalled. Withthiscall the Java3D makesthe

required optimizationsonthe scenebeforedrawingit. Finally theBranchGroupis

connectedtotheVirtua world we have created at the beginning.
su.addBranchGroup( objRoot )

V1.5 Three Dimensional Geometry Structures
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Therearesomefundamental threedimensional geometry operationsand data
structuresused throughout thethesisand the Tesel lation3D application. Inthis

sectiontheir underlying mathematical formulasaregiven.
VI1.5.1 Paint, Lineand Planein 3D

A threedimensional point has 3 componentsx,y andz. The(0,0,0) pointisreferred
astheorigin point. An example pointisasthefollowing
P1=(0.35,0, 0.17)

Lineisthe shortest path between apoint pair. A general lineequationisasthe

following.

X=% _ Y=Y _ -2

X =% Yi— Y Z — 7
Wherepoint 1is(x1,y1,z1) and point 2 (X2,y2,z2)

Plane is an unbounded two-dimensional shape, which slicesthe 3d space. For every
point pair onthisplane, thelinethat passesthrough these pointsalsolieson this
plane. The geometrical equation of aplaneisasfollows.

Ax+By+Cz+D=0

V1.5.2 Rotation Axesfor Cubic Symmetry

Inthisthesistherearetotally 13 rotation axesto get rotational symmetriesof aseed
point.

Following isthetable of rotation axes and are depicted in figure V1.4

AxisType AxisDescription

Three axes of 4 fold symmetry joinsthe centers of oppositefaces (depicted with
yellow axes)

Four axes of 3-fold symmetry joinsdiagonally oppositevertices(depicted with
light blue axes)

Six axes of 2-fold symmetry joinsmidpointsof oppositeedges.(depicted with
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pink axes)

TableVI.5 Therotation axesused for cubic symmetry.

FigureVI.4 Thethirteen rotation axes

V1.5.3 Reflection Planesfor Cubic Symmetry

Inthisthesisthereare 6 diagonal and 3 horizontal planesto makereflection

symmetries of the seed point..(Refer to part 11)

The 6 diagona symmetry planesareasfollowsand aredepictedin figure1V.5.

PlaneEquation Plane Description

X+y-1=0 diagonal, depicted aspl
X-y=0 diagonal, depicted as p2
y+z=-1=0 diagonal, depicted as p3
x+z-1=0 diagonal, depicted as p4
x-z=0 diagonal, depicted as p5



y-z=0 diagonal, depicted as p6
Table V1.6 Thediagonal reflection planesused for cubic symmetry.

FigureVI1.5 Thesix diagonal symmetry planes

The 3 horizontal symmetry planesare asfollowsand aredepicted in figure V1.6.

Plane Equation Plane Description

2x-1=0 horizontal, depicted as p7
2y-1 horizontal, depicted as p8
2z-1=0 horizontal depicted as p9

TableVI.3Thehorizontal planesused for reflection symmetry.
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FigureVI1.6 Thethreehorizontal symmetry planes

V1.6 ThreeDimensional Geometry Oper ations

Therearesix fundamental geometry operationsthat areused through out thisthesis

and they will belisted below however their implementation will not be given.

Distance of apoint to another point

Distance of apoint to aplane

Rotating apoint about an arbitrary axis.(for finding rotational symmetries)
Finding mirror symmetry of point onaplane.(for finding reflection
Symmetries)

Finding if an axis(line) passthrough aface (polygon) lies

Finding if apoint lieswithin aface (polygon).

Thorough descriptionsand al gorithm detail sof theseoperationsareavailableat the
“Geometry Fundamentals’ web page [FGO]
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PART VII

RESULTSAND CONCLUSIONS

Inthisthesi sthe Cubic Symmetry typeisused to create polyhedra
metamorphosisinaninteractive 3D environment. Theresultsof thisstudy andthesis

are asfollows.

1. Creating polyhedrausing Cubic Symmetry isextensively studied and
implemented. Theideaof creating polyhedrafrom cubic symmetry issimpleat the
first glance however toimplement itisacomplex task. The proceduresof suchan

applicationisoutlined andimplementedinthisthesis.

2. AnlInteractive 3D environment iscreated for usersto test, see and study 3D
Polyhedra, withthisapplication: Tessellation 3D, auser canvisualizefor example
thetetrahedron far moreeasier than by imagining (without seeing) it.



PART VIII

DISCUSSIONSAND EVALUATIONS

VII11.1 Evaluation of Study

This study fills a gap between the theory of creating polyhedra using cubic symmetry

andimplementingitinavirtual environment.

& Tesellation 3D v:1.71 Onur Karadeli-Akif Eyler 2006 = /OEd (& Tesellation 3D v:1.71 Onur Karadeli-Akif Eyler 2006 BEX]
I Locate the seed poil

N

Seed Point x0.37 Y0185

Lacate the seed point

FigureVIIl.1 Simulation with Tessellation 3D Application with Tessellation 3D Application

There are some subjects that can be further extended or improved related with this
study and Tessellation 3D application.
¢ Inthisthesisthez coordinatein seed point istaken as0. However
making it parametrical would bean interesting subject.
o Creating PolyhedraMetamorphosisfor other typesof symmetriescan
be studied and implemented. (C,Ch,...)



VI11.2 How to benefit from this Study and Tessellation 3D

Thisstudy isinformativeand encouraging for anyonethat isinterested with
Polyhedra. It isasomuch moreeasier to explore 3D Objectswiththe Tessellation
3D application.

Withthisstudy, anyonewhoisinterested with Polyhedraishighly encouraged
tomodel andimplement 3D applicationsby supplyingtheworkingapplication, full
source code and documentation.

Furthermore TheJava3D worldiscontributed aworking application that bean
exampl eto others Devel opersand Studentsworldwide and aid to the devel opment of
the Java 3D Graphics Engine.
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Last Accessed 30.12.2005

Fundamental 3D Geometry Operations,
http://astronomy.swin.edu.au/~pbourke/geometry/

Last Accessed 30.12.2005

PolyhedraNaming: http://www.georgehart.com/virtual-
polyhedra/naming.html

Last Accessed 30.12.2005

Great StellaPolyhedraNavigator application and documentation,
http://web.aanet.com.au/robertw/Stella.html

Java Convex Hull API by John E. Lloyd, www.cs.ubc.ca/~lloyd/

Microsoft Paint Application
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Communication

tel

02164176127 — 0544 6743194
email

okaradeli@yahoo.com
address
T.C.K. 1. Bolge Loj. A2 Blok No:3

eKiiciikyal1 / I stanbul/TURKEY PK: 34841

Work and Software Experiences

e Cybersoft I.T. of Turkey (2003 Computerworld Honors award winner)
As a Software Engineer in Cybersoft I.T. have attended several large
scale projects where the whole software lifecycle is used which includes
Sekerbank Banking , MKK Registration , ECA-Emar online enterprise
automation. Have created Web services for these applications and
modeling (Rose) , documentation as well all by using the core Java
Platform and J2EE methodology
(2004-2006)

o Software Engineer in Ko¢gbank I.T. department Special Projects
group. Responsibility to develop and maintain a wide range of POS
applications and interfaces involving many programming languages
(Java/C++/Delphi/Linux Shell Script) and DBMSes (Oracle,SQLServer)
(2002-2003 1 year)

Education
¢ M.S. Marmara Uni.Computer Science Engineering (2002-...)

> Entered in 1st place

e B.S. Marmara Uni. Computer Science Eng. (1998-2002)
» Cumulative GPA: 3.15/ 4, Honor student
> LES:74.61/80

> Kayseri Science High School (KFL.)
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